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Abstract

Operations Research (OR) and Machine Learning (ML) are two powerful tools for solving
complex real-world problems, each following its own distinct problem-solving paradigm.
However, as real-world problems grow in scale, relying on a single tool in isolation faces
efficiency challenges, and we seek to overcome these challenges by leveraging the strengths
of the other tool. Specifically, this thesis explores the mutual enhancement of OR and ML,
examining how ML can improve key steps in the OR pipeline and how OR can strengthen
specific stages of the ML lifecycle. The guiding principle is to learn from historical data
when available and to optimize when trade-offs exist.

We present three representative works demonstrating these synergies. For ML enhancing
OR, we begin by proposing an ML-guided initialization strategy for the Simplex method
to accelerate linear program (LP) solving in industrial applications. Leveraging graph neu-
ral networks and past solving experience, this strategy substantially reduces solving time
compared with rule-based heuristics. Furthermore, we introduce a human-aligned evalu-
ation metric for the Natural Language to Linear Program (NL2LP) task, based on graph
edit distance, offering a more semantically faithful assessment of mathematical formulations
generated by large language models (LLMs). For OR enhancing ML, we design HyperFlexis,
an OR-inspired scheduling framework for LLM serving systems that manages heterogeneous
service-level objectives (SLOs) while balancing user satisfaction and operational cost.

Together, these studies illustrate how OR and ML can mutually enhance each other to enable
more efficient and scalable real-world problem solving. The thesis concludes by outlining
future research directions and broader opportunities for synergy between the two fields.

Keywords: Operations Research; Machine Learning; Linear Programming; Bipartite Graph;
Large Language Model; Contribution Valuation; Model Serving
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Chapter 1

Introduction

Operations Research (OR) and Machine Learning (ML) are two important tools for ad-
dressing a wide range of real-world problems. On the one hand, OR [156, 132] continues
to underpin large-scale industrial problems such as supply chain management, where prac-
titioners formulate decision problems with explicit objectives and constraints and solve
them using optimization algorithms. On the other hand, advances in ML [44] have made
it increasingly attractive for a wide range of data-driven tasks, from prediction to lan-
guage understanding, where models learn complex patterns directly from data. These two
problem-solving paradigms excel at different classes of problems because their respective
strengths align with different problem structures: OR specializes in handling trade-offs and
operational constraints, making it well-suited for management and decision-making tasks,
whereas ML specializes in learning high-dimensional patterns from data, making it naturally
suited for prediction problems.

As modern problems grow in scale and complexity, the OR and ML pipelines for solv-
ing real-world problems encounter new efficiency challenges. In particular, we highlight
three representative efficiency challenges. First, solving large-scale optimization problems
increasingly faces a computational efficiency challenge as modern instances grow in both
size and frequency. In many industrial settings, decision makers must solve a sequence of
large-scale optimization problems under tight time windows. Second, the formulation stage
of OR encounters a modeling efficiency challenge. As real-world decision problems expand
in scope, their descriptions become more lengthy and complex. A user’s requirements may
span multi-page documents containing objectives, operational rules, exceptions, and domain
constraints. Translating such descriptions into a precise mathematical program requires
substantial expert knowledge, and this manual process does not scale. Even experienced
practitioners may struggle to produce formulations that are both accurate and complete, as
new modeling variants continue to proliferate across textbooks, research papers, and indus-
try reports. Third, the deployment and serving stages of the ML lifecycle exhibit a system
efficiency challenge. As modern ML services scale to thousands or millions of concurrent
users, the serving system must handle a large volume of requests under stringent latency
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requirements. Balancing user satisfaction against the computational cost of operating cloud-
hosted models is inherently difficult, and this tension becomes more pronounced as demand
grows.

These efficiency challenges, however, also reveal opportunities for synergy, meaning that
the strengths of one paradigm could mitigate the weaknesses of the other. Consider the
computational efficiency challenge. Traditional optimization algorithms typically treat each
problem instance in isolation, even when the instances arise repeatedly and share strong
structural similarities—such as the daily or hourly optimization tasks common in industrial
operations. These repeated optimization workflows generate extensive historical data— past
instances, solution trajectories, and structural patterns—from which ML models can learn
to improve existing solving strategies or guide the solver’s search, thereby accelerating clas-
sical optimization methods. The modeling efficiency challenge likewise benefits from ML’s
ability to learn from large collections of unstructured text on mathematical programming.
As problem descriptions, domain rules, and modeling strategies accumulate across docu-
ments and formulated examples, ML, especially large language models (LLMs), can assist in
automating the formulation process, improving consistency and reducing expert workload.
The system efficiency challenge, however, is one that OR techniques are especially effective
at addressing. Scheduling, resource allocation, and the management of latency–cost trade-
offs are classical OR problems, suggesting that OR methods can provide structured and
principled strategies for operating large-scale LLM serving systems more efficiently.

This thesis explores the efficiency challenges that arise across the OR and ML pipelines
and examines how the two paradigms can complement one another in addressing these
challenges. Figure 1.1 provides a high-level overview of this idea and the resulting research
questions.

1.1 Motivation for Enhancing the OR Pipeline with ML

The existing OR pipeline is highly effective for structured decision-making problems and is
well known for its ability to express trade-offs among different constraints and objective. It
has been widely and stably used in large-scale industrial applications such as supply chain
management. Given this success, why do we still need to enhance it? Why does ML have
the opportunity to improve it? We start with a concrete example.

Example 1 (A simple production and inventory planning problem). Imagine a fruit man-
ufacturer producing a single product, boxes of apple slices, over a planning horizon of four
days. Customer demand is known in advance: the manufacturer must deliver 20 boxes on
day 1, 30 boxes on day 2, 1 boxes on day 3, and 40 boxes on day 4. Demand on each day
must be satisfied on that same day.

On each day, the manufacturer may choose to produce apple slices. Daily production
is limited by available machines and labor, and at most 30 boxes can be produced on any
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Figure 1.1: This thesis is guided by the idea that when real-world problems are solved
through one tool (OR or ML), challenges may arise, which can potentially be addressed by
leveraging the strengths of the other tool. This idea leads to three research questions: Q1
and Q2 study how ML can enhance OR, while Q3 explores how OR can enhance ML.

single day. If the manufacturer decides to produce on a given day, a fixed setup cost of
$100 is incurred for that day, regardless of how many boxes are produced. In addition,
producing each box incurs a unit production cost of $2. Boxes produced on a given day can
be used immediately to satisfy that day’s demand. If more boxes are produced than needed,
the excess can be stored as inventory and used to satisfy demand on later days. However,
storing inventory from one day to the next incurs a holding cost of $1 per box per day due
to refrigeration and spoilage risk.

The manufacturer must decide, for each day, whether to produce and how many boxes to
produce, satisfying all daily demand at minimum total cost. The core challenge is balancing
fixed setup costs incurred when production takes place against inventory holding costs arising
from producing items ahead of demand.

At first glance, Example 1 appears simple: a reader can typically grasp the problem
setting within a short amount of time. This simplicity, however, is not inherent to the
underlying decision-making task. Rather, it is the result of abstraction and refinement in
the OR literature. In fact, Example 1 corresponds to the well-studied capacitated lot-sizing
problem [88]. In practice, real-world supply chain settings are described through lengthy
and complex requirement documents that contain numerous operational details. OR experts
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systematically analyze these documents, distill the essential decision-relevant information,
and abstract away secondary complexities to arrive at a concise and structured problem
description.

In practice, planning problems encountered in real-world applications are rarely specified
directly as clean mathematical models. Instead, they are often described through lengthy
and unstructured documents. More critically, these descriptions may evolve rapidly as busi-
ness conditions change—for example, when new products are introduced or resource config-
urations are adjusted. Meanwhile, consider settings in which the planning horizon is on the
order of hours. Under such time pressure, domain experts must rapidly interpret evolving
requirements, distill decision-relevant information, and reformulate the underlying optimiza-
tion model before it can be deployed to support operational decisions. This process is highly
labor-intensive and does not scale well.

These considerations reveal a fundamental modeling efficiency challenge in the OR
pipeline. There is a strong need for automated or semi-automated methods that can as-
sist OR experts in rapidly translating evolving, unstructured problem descriptions into
precise mathematical programs. In the extreme, one may even envision fully automated
approaches that generate optimization models directly from problem specifications. Fortu-
nately, decades of prior work and accumulated practice have resulted in a large collection
of historical problem descriptions and their corresponding formulations. This abundance
of data makes it possible for machine learning models to play a meaningful role in sup-
porting the formulation process. Once ML-enhanced formulation methods are introduced,
an additional question naturally arises. How should the quality of automatically generated
formulations be evaluated? Ideally, an evaluation metric should satisfy two properties: it
should be automated, enabling large-scale assessment without human intervention, and it
should be human-aligned, meaning that it reflects how domain experts judge the correctness
and quality of a formulation.

As for the solution stage of Example 1, due to the presence of capacity constraints,
this problem cannot be solved using dynamic programming and instead requires a linear
programming (LP) formulation. While it is straightforward to write down the LP for the
toy example, extending this setting to a realistic application quickly leads to a substantial
increase in scale. For instance, consider a setting in which planning must support thousands
of products, where production resources and machines are shared across products, and the
planning horizon is defined at an hourly granularity. Such seemingly modest extensions
naturally result in large-scale linear programs with thousands of decision variables and
constraints.

Solving problems of this scale is computationally demanding. Even with highly optimized
modern LP solvers [38], computing a high-quality solution can take tens of minutes or longer.
At the same time, practical planning systems often operate under tight time constraints.
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Customer demand may fluctuate on an hourly basis, and updated production plans must
be generated quickly in order to support downstream manufacturing and logistics decisions.

While this computational efficiency challenge arises, there are also opportunities. In
many practical settings, similar planning problems are solved repeatedly over time, resulting
in a rich repository of historical instances and solution experience. Machine learning methods
could leverage such past experience to enhance the computational efficiency of solving large-
scale optimization problems.

To summarize, real-world OR practice exposes efficiency limitations that ML is partic-
ularly well-suited to address. Importantly, when such efficiency limitations arise, they are
often accompanied by abundant historical data. This creates not only challenges but also
significant opportunities: historical data can be leveraged to mitigate the aforementioned
efficiency limitations. The guiding principle in this direction is to learn from historical data
when available, as illustrated in Figure 1.1. We identify the following research questions:

• Q1. Can ML accelerate optimization algorithms by learning from past solving expe-
rience?

• Q2. Can ML be used to automate model formulation, and if so, what evaluation
metrics are needed to assess ML-generated formulations?

1.2 Motivation for Enhancing the ML Lifecycle with OR

ML models are typically developed and operated through a lifecycle that includes data
collection, model training, evaluation, deployment, and continuous operation. Much of the
ML literature has focused on the training and evaluation stages, with the primary goal
of improving predictive accuracy and generalization performance. This extensive body of
work has led to astonishing performance improvements in recent years. In particular, large
language models (LLMs) have achieved remarkable success across a wide range of applica-
tions, demonstrating strong capabilities in language understanding, reasoning, and genera-
tion. These models are typically very large, often containing billions of parameters, and are
deployed as centralized services on large-scale computing clusters, serving a diverse set of
applications and a large number of concurrent users [44, 169]. Under this serving paradigm,
deployment-time decisions—such as request scheduling and resource allocation—directly af-
fect both user experience and operational cost, giving rise to fundamental system efficiency
challenges.

Example 2 (System Efficiency Challenges in LLM Serving). Imagine an LLM serving
system that processes requests from two applications: (i) an offline paper summarization
service, where each request contains a long document, incurs heavy computational load, and
is tolerant to large end-to-end delays (e.g., completing within hours is acceptable), and (ii)
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an interactive chatbot service, where requests are short and lightweight but require low and
stable latency at the sub-second timescale for responsive, streaming interaction.

Heterogeneous latency requirements. Requests are dispatched from a global queue to
multiple LLM instances that share GPU resources. If dispatching decisions ignore hetero-
geneous load and latency requirements, long-running summarization requests may interfere
with latency-sensitive chatbot requests. Such interference introduces head-of-line blocking
and sustained resource contention, degrading the interactive user experience and increasing
overall system cost.

Time-varying workloads. Consider the chatbot application is under a highly time-varying
request arrival rate. During daytime hours, the system may receive thousands of requests per
second, whereas at night, the arrival rate may drop to only tens of requests per second. If the
serving system cannot dynamically scale the number of active instances and allocated GPU
resources, it must provision capacity for peak demand. This leads to severe underutilization
during low-load periods, or excessive queuing and latency violations during peak periods if
capacity is provisioned conservatively.

Example 2 highlights the system efficiency challenges in large-scale LLM serving. Practi-
cal LLM serving systems operate in highly complex environments: they must simultaneously
handle heterogeneous workloads with diverse latency requirements, adapt to load variation
over time, and account for other practical considerations. This complexity is further ampli-
fied by competing objectives, as serving systems must balance user satisfaction (e.g., request
latency) against system-level costs (e.g., GPU rental expense).

Despite its success in prediction and representation learning, ML itself lacks principled
mechanisms for addressing such resource management problems and for managing these
tradeoffs. In contrast, OR is explicitly designed to optimize decision-making when tradeoffs
exist. As illustrated in Figure 1.1, we ask the third research question, Q3: Is there an
OR-inspired efficient serving strategy?

Together, these research questions define the scope of this thesis, which examines how
ML can enhance key steps in the OR pipeline and how OR can improve the deployment
stage of the ML lifecycle.

1.3 Overview of Contributions

This thesis focuses on OR–ML synergies and presents three research works [55, 162, 167]
that answer the three research questions, respectively.

• Smart Initial Basis Selection for Linear Programs [55]. We focus on accelerat-
ing the solution of large-scale linear programs (LPs), which arise in many real-world
applications such as supply chain planning. In practice, LP instances may involve
millions of variables and constraints. Even with highly optimized commercial solvers,
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computing near-optimal solutions can still take hours [82, 83]. While Simplex algo-
rithm remains the workhorse of modern LP solvers [63], its performance is highly
sensitive to initialization, since the algorithm iteratively moves from an initial feasible
point toward an optimal solution [15]. Traditional initialization strategies are largely
rule-based. They typically exploit only algebraic information from a single instance
and do not leverage historical solving experience. Motivated by the correlations com-
monly observed across real-world LP instances, we propose a learning-based approach
for selecting a high-quality initial basis. Specifically, using past solving experience, we
learn a mapping from a new LP instance to a near-optimal initial point. Designing such
a learnable mapping is nontrivial: (1) It must generalize across LPs of varying sizes.
(2) It must be permutation equivariant with respect to variables and constraints. (3)
It must also produce a valid feasible initialization. To meet the first two requirements,
we represent LPs as graphs and employ a graph neural network. To ensure validity,
we identify the mathematical conditions required for feasible initialization and design
corresponding post-processing steps. Extensive experiments demonstrate substantial
reductions in both iteration count and total solving time compared with rule-based
initialization strategies.

• Towards Human-Aligned Evaluation for Natural Language to Linear Pro-
gram (NL2LP) [162]. Recent progress has made it increasingly practical to use
LLMs to automate mathematical program formulation from natural language, and
such LLM-based auto-formulation has been actively studied in our survey [54] and
adopted in the OR literature [133, 127]. As this direction matures, we focus on a fur-
ther challenge: designing evaluation metrics for generated formulations. In large-scale
settings, a desirable evaluation metric should be automated, meaning that it does not
require human experts in the evaluation loop, and human-aligned, meaning that it
aligns with human judgments of formulation quality. Existing NL2LP evaluation met-
rics satisfy the automation requirement, but fail to achieve good human alignment.
In particular, they do not faithfully capture the semantic equivalence between formu-
lations and are sensitive to superficial syntactic differences, such as permutations of
variables or constraints, even though such differences do not affect how human experts
assess the formulations [133, 127]. To address this gap, we propose a human-aligned
evaluation metric for NL2LP based on graph edit distance. Our metric converts pre-
dicted and reference LPs into attributed bipartite graphs and measures their similarity
in a permutation-invariant manner, thereby better reflecting the semantic correspon-
dence between decision variables, objectives, and constraints. Human studies further
show that the proposed metric aligns more closely with human judgments than prior
metrics, providing a reliable and automated evaluation tool for LLM-generated LP
formulations.
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• HyperFlexis: Joint Design of Algorithms and Systems for Multi-SLO Serv-
ing and Fast Scaling [167]. We propose a unified LLM serving system designed to
efficiently handle highly heterogeneous workloads, where each request has a latency
requirement, referred to as a service-level objective (SLO). A fundamental trade-off ex-
ists between achieving high SLO attainment and maintaining low overall system cost.
Additional challenges include (1) designing scheduling algorithms capable of real-time
decision-making under dynamic and unpredictable workloads, (2) supporting rapid
scaling to accommodate workload fluctuations and minimizing cold-start latency for
newly provisioned instances, and (3) remaining compatible with different deployment
modes used in modern LLM serving frameworks. To address these challenges, we
explore designs at both the system and algorithmic levels. At the system level, we im-
plement fast scaling mechanisms to minimize cold-start time while being compatible
with different deployment modes. At the algorithmic level, we develop OR-inspired
greedy heuristics to guide scheduling and scaling decisions, aiming to maximize SLO
attainment while minimizing operational costs.

1.4 Thesis Organization

The remainder of this thesis is organized as follows. Chapter 2 provides background on OR
and ML, reviewing their key concepts and steps, and the literature relevant to the synergies
explored in this thesis. Chapter 3 presents our work on smart initial basis selection for linear
programs, demonstrating how ML can enhance OR efficiency — accelerate solution methods
in the OR process by learning from past solving experiences. Chapter 4 further advances the
ML-for-OR direction by studying the NL2LP task, which aims to automate the formulation
of mathematical optimization models, and introduces a human-aligned evaluation metric
tailored for this task. Chapter 5 reverses the direction and examines how OR principles
can enhance ML system performance. It presents HyperFlexis, a unified serving system
for heterogeneous LLM workloads, which leverages OR-inspired scheduling and multi-SLO
optimization to improve model serving efficiency and resource allocation in large-scale ML
deployments. Finally, Chapter 6 concludes the thesis with a summary of our contributions,
discusses the broader implications of synergies between OR and ML, and suggests directions
for future research.
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Chapter 2

Representative Problem-Solving
Steps and Related Works

OR and ML solve real-world problems following distinct disciplinary processes. OR ap-
proaches decision-making by formulating mathematical programs and solving them under
explicit constraints [156, 132]. A typical OR workflow consists of several stages: (1) prob-
lem identification, where the decision variables, objectives, and constraints of the task are
specified; (2) mathematical program formulation, where these elements are encoded into a
structured optimization model; (3) parameter generation, which supplies model coefficients
such as costs or constraint matrices; (4) solution methods, where algorithms such as Simplex,
interior-point methods, or branch-and-bound are used to compute optimal or near-optimal
solutions; and (5) interpretation and validation, which ensure that the computed solution
is feasible and meaningful in the application context [43]. While this pipeline is well estab-
lished, recent advances in ML create new opportunities to improve formulation and solver
efficiency [14, 50].

ML follows a data-driven lifecycle comprising: (1) problem definition, which clarifies
the prediction or generation objective; (2) data preparation, including collection, cleaning,
and feature construction; (3) model training, where models are optimized using appropriate
architectures and algorithms; (4) evaluation, which assesses predictive performance using
suitable metrics; and (5) deployment and serving, which integrate the trained model into
production systems that must meet resource, scalability, and latency constraints [44, 169].
These later stages often involve system-level optimization challenges that align naturally
with OR techniques [93, 169].

In this thesis, we focus on the following steps — solution methods and math program
formulation steps within the OR process, alongside the model serving in ML lifecycle. This
chapter provides background for these focused steps by first reviewing traditional methods
for performing them, then highlighting recent advancements and improvements, including
research that explores the synergies between the two fields
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2.1 Solution Methods

Solution methods in OR aim to identify optimal or near-optimal solutions to mathemati-
cal programs, often formulated as optimization problems with well-defined objectives and
constraints. This section reviews traditional solution methods for continuous and discrete
optimization problems, followed by recent advancements where ML techniques enhance
these methods. This section draws upon relevant content from our survey [54].

Traditional Solution Methods For continuous unconstrained problems, such as nonlin-
ear optimization in engineering design, gradient-based methods like gradient descent [12],
momentum methods [150], and adaptive algorithms including AdaGrad [49] and Adam
[90] iteratively update solutions based on objective function gradients. For continuous con-
strained problems, common in resource allocation or network optimization, interior point
methods navigate the interior of the feasible region using barrier functions, excelling in large-
scale linear and nonlinear programs [157]. The Alternating Direction Method of Multipliers
(ADMM) is suited for problems with separable objectives and coupled constraints, such as
distributed machine learning or power grid management, by decomposing the problem into
coordinated subproblems [20]. Discrete optimization, such as mixed-integer linear programs
used in scheduling or logistics, employs branch-and-bound to partition the feasible region
for integer solutions [97].

As Chapter 3 focuses on improving the initialization of the Simplex method, we provide
its background in the following. The Simplex method is a classical algorithm for solving
linear programs. Starting from an initial basis—which can be understood as a vertex of the
feasible region (a formal definition is provided in Section 3.1)—the method iteratively pivots
along adjacent vertices of the feasible polyhedron until an optimal solution is reached [41].
Textbooks typically assume the method starts from a feasible initial basis, which is rea-
sonable because methods such as the two-stage method [120, 125] or big-M [70] can handle
infeasibility. However, beyond feasibility, it remains unclear which initial basis leads to faster
convergence.

In the literature, classical initial-basis strategies mainly exploit algebraic properties to
ensure the first few pivot steps are efficient. For example, the logical basis [34, 14] is a
simple and commonly used strategy in which all slack variables form the initial basis. This
choice corresponds to an identity matrix for the basis constraint matrix, allowing efficient
computation of its inverse. Consequently, it is the default option in many state-of-the-art
solvers, such as HiGHS [82] and CPLEX [65]. However, as pivoting proceeds, the constraint
matrix associated with the basis typically drifts away from the identity, slowing compu-
tations. When equality constraints appear in an LP problem, artificial variables must be
introduced, which should not remain in the final basis. Motivated by this, CPLEX’s Crash
Basis strategy quickly guesses an initial basis that lowers the priority of artificial variables
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and encourages a sparse, well-conditioned basis. While this can improve efficiency, both
logical and crash strategies may still produce a starting basis far from optimal. The Id-
iot Crash algorithm [60] aims to achieve a near-optimal solution by using the augmented
Lagrangian method to generate a basis close to the optimum. However, the augmented
Lagrangian method often converges slowly. Overall, traditional initial-basis strategies rely
solely on information from a single LP instance and do not leverage potential correlations
with historical LPs.

Once an initial basis is chosen, the method iteratively performs pivoting, which intu-
itively corresponds to moving from the current vertex to a neighboring vertex to improve
the objective function. The selection of the entering variable, or pivoting strategy, is critical
for the efficiency of the Simplex method. Classical strategies [41, 58] have been extensively
studied. For example, the Dantzig rule [41] selects the edge that yields the largest overall
decrease in the objective, while the steepest-edge rule [58] chooses the edge along which the
objective decreases most rapidly per unit of movement, i.e., the “steepest” descent. Both
the choice of the initial basis and the pivoting strategy can substantially affect convergence
speed, motivating research into improving them.

ML-enhanced Solution Methods Recent advancements leverage ML to enhance the
efficiency and scalability of OR solution methods, as surveyed in [54]. For gradient-based
methods, recurrent neural networks, such as Long Short-Term Memory (LSTM) networks,
learn adaptive update rules tailored to specific problem classes, while reinforcement learn-
ing (RL) optimizes steps by treating objective reductions as rewards, particularly for non-
differentiable objectives [7, 101, 78]. In ADMM, reinforcement learning (RL) and graph
neural networks (GNNs) improve penalty parameter tuning, enhancing convergence in ap-
plications like distributed optimal power flow [170, 86].

Branch-and-bound methods have been enhanced using imitation learning and GNNs
to optimize variable and node selection, prioritizing paths toward optimal solutions and
accelerating MIP problem solving [89, 95]. The application of GNNs to assist in solving MIP
problems was first proposed in [64]. This work introduced a constraint-variable bipartite
graph representation for mixed-integer LPs and designed a GNN model to learn a strong
branching policy, accelerating MIP solvers. Building on this GNN-based framework for
improving MIP solving, many subsequent works followed [45, 74, 131, 103]. Gupta et al.
identify a missing “lookback” property in the trained GNN and incorporate it into training,
yielding additional speedups for MIP solvers [74]. Qu et al. develop a reinforcement-learning
method that builds on imitation learning [131]. To reduce reliance on high-end GPUs,
Gupta et al. propose a CPU-friendly hybrid branching model that maintains competitive
speedups [73]. Ding et al. introduce a tripartite graph representation for MIP and use GNNs
to predict solution values for binary variables [45].
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The Simplex method has been enhanced through GNN-based basis initialization [55] and
RL-driven pivoting strategies [146]. To the best of our knowledge, our work [55], presented
in Chapter 3, is the first to apply machine learning techniques to improve the initialization
of the Simplex basis from both experimental and real-world problem-solving perspectives.
Meanwhile, the theoretical foundation for the representation power of GNNs for linear
programming (LP) was established in [31], demonstrating that, for any given LP, a GNN
can be constructed to map the LP to its feasibility, boundedness, and an optimal solution.
Despite this progress in leveraging GNNs to assist optimization solvers, there remains no
prior work on initial basis selection for LPs in practical settings. The approach proposed in
Chapter 3 addresses this gap by introducing a machine-learning-based strategy for selecting
an initial Simplex basis.

For ML-enhanced pivoting, it is shown that pivoting performance depends strongly on
problem instances, with different strategies yielding markedly different outcomes [146]. A
reinforcement-learning agent switches between Dantzig’s rule [41] and the steepest-edge
rule [58]; at each Simplex iteration, the agent selects one of these two pivoting rules. Al-
ternatively, [99] aims to learn a new pivoting strategy by applying the Monte Carlo Tree
Search (MCTS) method. Their contribution includes (1) transforming the Simplex method
into a pseudo-tree structure, (2) constructing appropriate reinforcement learning models,
(3) finding the optimal pivot sequence under the guarantee of theory, and (4) providing
a complete method for discovering multiple optimal pivot paths. They propose a novel
imitative tree structure, SimplexPseudoTree, for exploring optimal pivot paths and con-
struct reinforcement-learning models to determine the optimal pivot paths using the MCTS
method. Both theoretical analysis and computational experiments demonstrated that the
proposed MCTS rule effectively avoids redundant searches and identifies the shortest pivot
paths, thereby reducing the number of iterations required to solve linear programs.

2.2 Math Program Formulation

Mathematical program formulation is a pivotal step in Operations Research (OR), where
real-world problems are abstracted into structured mathematical models comprising decision
variables, constraints, and objective functions [156, 132]. Traditionally, this process relies on
manual abstraction, requiring significant domain expertise to define decision variables (e.g.,
production quantities, routing decisions), constraints (e.g., resource availability, demand
requirements), and objective functions (e.g., cost, profit, or time) [40]. This manual approach
can be error-prone and inefficient, particularly for poorly defined or large-scale problems,
making automation highly desirable. In this section, we review recent advancements in
mathematical program formulation and discuss how Machine Learning (ML), particularly
large language models (LLMs), is transforming this process by automating the translation
of natural language problem descriptions into formal mathematical representations.

12



Recent advancements One important category of improvements is automated refor-
mulation techniques, which often utilize group theoretical methods to exploit structural
patterns in optimization models [112, 17]. For example, symmetry detection identifies vari-
ables or constraints that are essentially equivalent, allowing the solver to avoid redundant
computations. Constraint relaxation temporarily loosens certain restrictions to simplify the
search space, while still guiding the solver toward feasible and optimal solutions. By lever-
aging these techniques, the effective complexity of the model is reduced, enabling solvers to
find solutions more efficiently [112]. However, methods in this category primarily focus on
simplifying existing formulations. In practice, effective model formulation often relies on the
accumulated experience of OR practitioners. For example, in combinatorial and scheduling
problems, practitioners carefully design assignment and ordering constraints, incorporate
symmetry-breaking inequalities, and exploit problem structures such as flow conservation
or network decompositions. This process involves defining decision variables, constraints,
and objective functions. While crucial, it is often time-consuming and requires considerable
expertise.

Large language models (LLMs) offer a way to break through this limitation. Recent
advances in models such as ChatGPT [21] and LLaMA [149] have created new opportunities
for automating model formulation by translating natural language descriptions directly into
mathematical models [117, 116].

LLMs are trained through pre-training on large text corpora followed by fine-tuning
with specific datasets, sometimes enhanced by reinforcement learning from human feedback
[119, 178, 148]. These steps endow LLMs with emergent abilities such as contextual rea-
soning, coherent text generation, and mathematical problem solving. Formulating a mathe-
matical program from a natural language description is not a well-defined task: there is no
explicit set of rules or step-by-step procedure to follow. LLMs, however, combine language
understanding, reasoning, and structured generation capabilities, which allow them to inter-
pret ambiguous problem descriptions and generate formal optimization models. We reuse
content from our survey [54] to demonstrate LLMs’ ability at two levels: textbook-level
problems and real-world problems.

LLMs’ ability for textbook-level problems NL4OPT competition at NeurIPS 2022
[134] provides a benchmark for translating natural language into mathematical models. The
dataset pairs problem descriptions with human-authored formulations, and declaration-level
mapping accuracy is used as the evaluation metric. Table 2.1 reports the accuracy of several
LLMs alongside the competition’s winning submission. Results show that even without task-
specific training, Code-Llama-34b-instruct achieves 65% accuracy, and fine-tuning Llama-2-
13b-chat boosts performance to 82%. The competition winner, based on a fine-tuned BART
model, achieves 90% on sub-task 2, but under the assumption of perfect entity extraction,
making it an optimistic upper bound. These results demonstrate that LLMs are effective and
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Index LLMs Model size Finetuning dataset Acc.

1 Llama-2-13b-chat 52 GB Open domain 24%
2 Code-Llama-34b-instruct 136 GB Programming/math domain 65%
3 Llama-2-70b-chat 280 GB Open domain 37%
4 Llama-2-13b-chat (SFT) 52 GB Open domain+NL4OPT 82%
5 NL4OPT winning submission 1 GB NL4OPT train set 90%

Table 2.1: Declaration-level mapping accuracy (“Acc.") for different LLMs and the NL4OPT
winning system.

easy to apply to textbook-level modeling tasks, especially when fine-tuned with in-domain
data.

LLMs’ ability for real-world problems We assessed GPT-3.5 (version released De-
cember 2023) [2] on more complex tasks, including scheduling, bin packing, vehicle rout-
ing, portfolio optimization, and staff scheduling. Figure 2.1 illustrates an example for the
Unrelated-Machine Scheduling Problem. The model correctly identifies sets, parameters,
and decision variables, but also introduces errors such as redundant or missing constraints.
For instance, it defines a start-time variable si without enforcing non-overlap of tasks and
generates unnecessary constraints. Nevertheless, when provided with corrective feedback,
the LLM iteratively improves its formulation, eliminating redundant variables and refining
constraints. These results suggest that LLMs can provide a valuable starting point for OR
experts by generating skeletal model structures. However, expert verification and refine-
ment remain essential to ensure correctness, particularly for real-world and less common
problems.

Overall, we conclude with three insights. First, LLMs achieve strong performance on
textbook-style problems, where fine-tuning with in-domain data yields competitive accuracy.
Second, larger model size alone does not ensure superior performance; the quality and
relevance of fine-tuning data are more decisive. Finally, for real-world problems, LLMs
facilitate rapid prototyping but require expert guidance for reliable formulations. Taken
together, these findings highlight the potential of LLMs to accelerate OR model development
while underscoring the necessity of human oversight.

2.3 Model Serving

Model serving refers to the deployment and runtime execution of trained machine learning
(ML) models to handle inference requests in production. Traditional ML models, such as
feedforward networks for tabular data or convolutional neural networks (CNNs) for image
recognition, are relatively small and compute-bound. These models typically operate as
stateless functions with deterministic execution: given a fixed-size input batch, they produce
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Figure 2.1: Example on the Unrelated-Machine Scheduling Problem.

outputs in a single forward pass without maintaining internal context. This regularity allows
for straightforward batching, static placement, and predictable latency. As a result, serving
systems for traditional ML models primarily focus on input batching and simple scheduling
policies.

In contrast, LLMs introduce unique challenges due to their massive parameter sizes,
autoregressive decoding, and reliance on key-value (KV) caching. A single LLM inference is
typically split into two stages: Prefill (prompt processing) and Decode. The Decode phase
is incremental—each token depends on prior context—which makes it difficult to batch
requests efficiently. Naive batching introduces latency or compute waste due to padding. To
overcome this, modern systems adopt continuous batching, where in-flight Decode requests
are grouped dynamically at every token step to maintain high GPU utilization without
sacrificing latency [94].

Beyond batching, LLM serving systems must now meet diverse service-level objectives
(SLOs) such as latencies on different inference stages while adapting to bursty workloads.
This has motivated the emergence of multi-SLO-aware, disaggregated, and elastic serving
systems that optimize batching, placement, scheduling, and scaling decisions across single-
node and distributed deployments.

Single-Node LLM Serving Early monolithic LLM serving systems, such as vLLM [94],
exploit techniques like PagedAttention for efficient KV cache management but lack explicit
SLO-awareness. FlexGen [142] operates on a single node, emphasizing CPU–GPU offload-
ing to reduce memory footprint at the cost of real-time performance. More recently, Apt-
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Serve [61] improves first-token latency by combining hybrid caching and adaptive batching
strategies. It selectively caches either key-value attention states or hidden states based on
resource availability, and dynamically composes batches according to request characteristics
to reduce contention between short and long sequences. Sarathi-Serve [4] adopts chunked
prefill scheduling to better saturate GPU compute while bounding Decode latency. Instead
of processing the entire prompt in a single pass, it splits long prompts into smaller chunks,
overlapping their execution with Decode steps from other requests. This improves pipeline
utilization and reduces head-of-line blocking caused by large inputs.

Disaggregation [177] is an emerging deployment mode in LLM serving that decouples
different components of the inference pipeline—such as Prefill and Decode stages, or com-
pute and memory resources—across distributed nodes. This separation allows the system
to assign resources more precisely based on each stage’s compute and latency character-
istics. For example, Decode stages often require fine-grained scheduling and low latency,
while Prefill stages benefit from parallelism and high throughput. Recent systems such as
EPD [145] further extend this paradigm to multimodal large language models (LMMs),
where inputs may include both text and images. In such models, an additional Encode
stage processes visual embeddings before the Prefill and Decode phases. EPD disaggre-
gates these three stages—Encode, Prefill, and Decode—to isolate their distinct computa-
tional patterns, mitigating cross-stage interference and improving end-to-end throughput
in multimodal inference pipelines. Building upon the disaggregation technique, Arrow [160]
introduces adaptive scheduling mechanisms that dynamically reallocate instances between
Prefill and Decode pools based on real-time workload statistics. This evolution from static
to adaptive disaggregation reflects a key trend in modern LLM serving—toward elastic,
stage-aware orchestration, where resource allocation, batching, and scheduling are jointly
optimized to balance throughput, latency, and efficiency in large-scale deployments.

Distributed Multi-SLO LLM Serving At the cluster scale, distributed LLM serving
frameworks introduce multi-node coordination and SLO-aware execution to handle high
request volumes and heterogeneous workloads. Frameworks such as Llumnix [173] migrate
priority requests across instances to reduce latency tails, while USHER [144] incorporates
interference-aware GPU sharing. SpotServe [114] resumes preempted workloads at token
granularity on spot GPUs. Scheduling heuristics in ELIS [33], QLM [124], and SCOOT [32]
exploit predictions of remaining output lengths or SLO-aware objective functions to prior-
itize requests. DynaServe [139] introduces micro-request abstraction for adaptive Prompt
/Decode balancing, while CoCoServe [158] supports fine-grained module-level replication
and migration for elastic scaling.

Advanced strategies integrate scheduling, placement, and scaling. PD-Multiplexing [39]
improves throughput by multiplexing multiple Decode requests on shared GPUs, leveraging
the low compute intensity of decoding to increase GPU utilization. Proteus [5] dynamically
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trades model accuracy and precision to balance throughput and latency. PolyServe [181] and
SLOs-Serve [29] incorporate multi-SLO constraints into resource placement, while HAS-
GPU [71] enables fine-grained vertical partitioning with hybrid autoscaling. Collectively,
these integrated designs illustrate how multi-node coordination, phase decoupling, and con-
tinuous execution can jointly optimize throughput, tail latency, and SLO adherence.

Operations Research for Enhancing Model Serving OR techniques provide a prin-
cipled framework to optimize resource allocation, scheduling, and scaling in model serving,
particularly under uncertainty and diverse SLOs. By modeling serving as a constrained
optimization problem, OR enables strategies such as priority-based dispatch, queue re-
ordering, and joint placement of requests across heterogeneous resources. In the context of
LLM serving, OR methods have been applied to formulate linear programs for SLO-aware
dispatch [123], and solve bin-packing problems for joint placement and autoscaling [118].
Specifically, Aladdin [118] adopts a best-fit bin-packing algorithm to jointly optimize re-
quest placement and autoscaling decisions. Beyond single-node optimization, OR can co-
ordinate scheduling, placement, and scaling across distributed clusters, adapting to bursty
workloads, heterogeneous GPU capacities, and multi-stage (Prefill/Decode) computation.
The overarching objective is to enhance throughput, reduce latency, and improve GPU
utilization—making OR a key enabler of efficient, multi-SLO-aware LLM serving.
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Chapter 3

Smart Initial Basis Selection for
Linear Programs

Linear program (LP) is a cornerstone of optimization in many industrial and scientific appli-
cations, and the Simplex method remains one of the most widely used techniques for solving
LP problems efficiently. Despite its practical success, the efficiency of the Simplex method
heavily depends on the choice of the initial basis, and traditional rule-based strategies often
fail to consistently improve performance across similar LP instances. In this study [55], we
focus on a learning-based approach for selecting advanced initial bases, leveraging graph
neural networks to capture the relationship between LP problems and their optimal solu-
tions.

3.1 Preliminaries on Linear Programs

We consider the following standard format of LP with m constraints and m decision variables
(m ≤ n).

min
x∈Rn,s∈Rm

c⊤x

s.t. Ax = s

ℓx ≤ x ≤ ux

ℓs ≤ s ≤ us

(P)

where A ∈ Rm×n is the constraint matrix, c ∈ Rn is the cost vector, x ∈ Rn is the decision
variables, s ∈ Rm is the constraint variables, ℓx ∈ R ∪ {−∞}n and ux ∈ R ∪ {+∞}n are
lower and upper bounds for x, and ℓs ∈ R ∪ {−∞}m and us ∈ R ∪ {+∞}m are lower and
upper bounds for s. This formulation agrees with the input formulation for many LP solvers
such as HiGHS [82], OptVerse [83], CPLEX [38], and Gurobi [75].

Next, we formally introduce the concept of basis and solution for an LP problem.

Definition 1. Given two index sets Bx ⊂ [n] and Bs ⊆ [m], the tuple (Bx,Bs) is called a
basis for the LP problem (P) if |Bx|+ |Bs| = m and the matrix [ABx −Im

Bs
] is non-singular,
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where ABx denotes the submatrix of A consisting of the columns indexed by Bx, and Im
Bs

denotes the submatrix of the m×m identity matrix Im corresponding to the columns indexed
by Bs. Let (Nx,Ns) = ([n] \ Bx, [m] \ Bs). A tuple (xB, sB) ∈ Rn × Rm is called a basic
solution for (P) with respect to the basis (Bx,Bs) if AxB = sB and for any i ∈ Nx and
j ∈ Ns, we have

xB
i =


lxi if ux

i = +∞

ux
i if lxi = −∞

lxi or ux
i otherwise

and sB
j =


lsj if us

j = +∞

us
j if lsj = −∞

lsj or us
j otherwise.

Moreover, if ℓx ≤ xB ≤ ux and ℓs ≤ sB ≤ us, then (xB, sB) is called a basic feasible
solution for (P).

To distinguish the different components within a solution vector, we introduce a further
notation. In particular, we separate the solution vector into basic and nonbasic components
and denote by xB (similarly sB) the subvector of x (respectively s) containing only the
entries indexed by B. Likewise, AB denotes the submatrix of A formed by the columns
indexed by B.

Using this notation, the relationship between a basis and its corresponding solution can
be expressed as follows. Given a basis (Bx,Bs) and the values of the nonbasic components
(xB

Nx
, sB

Ns
), the remaining values in the basic solution (xB, sB) are uniquely determined by

xB
Bx

sB
Bs

 = [ABx − Im
Bs

]−1
(
Im

Ns
sB

Ns
−ANxxB

Nx

)
,

Then, we briefly introduce the primal Simplex method for solving problem (P). The
primal Simplex method is initialized with a primal feasible basis. If the basis is not dual
feasible, it selects a dual infeasible index p to enter the basis and a leaving index q ∈ Bx∪Bs

such that the updated basis (Bx,Bs) \ {q} ∪ {p} remains primal feasible. This step is called
a pivot, which corresponds to moving from the previous basis to the next candidate basis.
Similarly, the dual Simplex method is initialized with a dual feasible basis and iteratively
updates the basis to maintain dual feasibility.

In summary, the Simplex method is an algorithm that starts with an initial basis
(B(0)

x ,B(0)
s ), obtains a basic solution (x(0), s(0)), and then iteratively visits candidate bases

and corresponding basic solutions until it encounters an optimal basic feasible solution.

(B(0)
x ,B(0)

s )→ (x(0), s(0))→ (B(1)
x ,B(1)

s )→ (x(1), s(1)) . . .

We refer interested readers to [113] for a more detailed description of the Simplex method.

19



Figure 3.1: Illustration of the Simplex algorithm. It starts with an initial basis (B(0)
x ,B(0)

s ),
and routinely pivots to a neighbouring basis with improvement till it reaches an optimal
basis (B∗

x,B∗
s).

Although the Simplex method is one of the most widely adopted algorithms for solving
LP problems, the theoretical guarantee of its performance is actually weak. It is shown
that the Simplex method has exponential time complexity in the worst case [91]. Moreover,
many empirical results demonstrate that the performance of the Simplex method depends
largely on the selection of the initial basis [15, 80, 140].

3.2 GNN Model for Initial Basis Selection

In this section, we describe our approach for learning a mapping from a linear programming
(LP) instance to a valid basis. Algorithm 1 presents the overall procedure, which consists
of an inference stage and a training stage.

In the inference stage, given an LP instance, we first convert it into a bipartite graph
representation. A graph neural network (GNN) then predicts, for each primal and slack
variable, its basis status. Based on these predictions, we construct a candidate basis and
apply post-processing steps to ensure its validity.

In the training stage, optimal bases obtained from a solver provide supervision. From
these, we derive per-variable labels and train the GNN using a cross-entropy loss.

We describe the inference formulation in Section 3.2.1, provide an overview of the train-
ing stage in Section 3.2.2, detail the GNN architecture and training design in Section 3.2.3,
and detail the post-processing steps (i.e., the basis inference and adjustment procedure) in
Section 3.2.4.
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3.2.1 Overview of Inference Stage

In the inference stage, we leverage a learned mapping f(θ; ·) such that, given an LP instance
P with n variables and m constraints, it produces

f(θ; P ) = {px,i ∈ ∆3, ps,j ∈ ∆3 | i ∈ [n], j ∈ [m]},

where θ denotes the set of learnable parameters in f , and px,i and ps,j represent the prob-
ability distributions over the labels of the corresponding variables and slacks, respectively.
Here, ∆d denotes the d-dimensional simplex, i.e., ∆d = {p ∈ Rd

+ |
∑d

i=1 pi = 1}.
Concretely, we define

px,i = [P(xi = lxi ), P(lxi < xi < ux
i ), P(xi = ux

i )]⊤ ,

ps,j =
[
P(sj = lsj), P(lsj < sj < us

j), P(sj = us
j)
]⊤

.
(3.1)

From the above probabilities, we first generate a candidate basis (Bx,Bs) according to
the probabilities given by f(θ; P ), i.e.,

(Bx,Bs) ∈ argmax
|Bx|+|Bs|=m

 ∏
i∈Bx

px,i[2]
∏

j∈Bs

ps,j [2]

 .

We then adjust the basis to make it valid, i.e., ensuring that the matrix [ABx − Im
Bs

] is
non-singular (Definition 1).

In summary, the inference stage consists of two components: a GNN-based prediction
module and a post-processing step that ensures the basis is valid.

3.2.2 Overview of Training Stage

In the training stage, we aim to learn the mapping f(θ; ·) from previously solved LP in-
stances. Given a dataset

D =
{[

(P k), (xk, sk)
]}K

k=1
,

each sample consists of an LP instance P k and a corresponding optimal basic feasible
solution (xk, sk).

For each k, the LP instance P k is first transformed into a bipartite graph representation.
Based on the associated optimal basic feasible solution (xk, sk), we assign to every primal
and slack variable a three-class label indicating its basis status: lower bound, basic, or upper
bound.

A graph neural network (GNN) is then trained to predict these basis-status labels. The
model parameters θ are optimized using a weighted cross-entropy loss. To mitigate potential
class imbalance among the three basis categories, label-dependent weights are incorporated
into the loss formulation.
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Figure 3.2: Represent the LP problem as a weighted bipartite graph.

3.2.3 GNN Model Design

In this section, we describe how to represent each (P k) as a graph, construct labels from
(xk, sk), and detail the message-passing GNN architecture and its training loss.

Graph representation Inspired by [64], who suggests representing a mixed-integer linear
problem as a weighted bipartite graph, we similarly adopt a graph-based representation for
our task. As illustrated in Figure 3.2, a weighted bipartite graph G = (V, W, E) consists of
two disjoint vertex sets V and W and a set E of weighted edges, where each edge connects
exactly one vertex in V with one vertex in W . Specifically, when representing an LP as a
weighted bipartite graph:

• The variable vertex set V consists of n nodes, each representing a decision variable
xj . We use the symbol vj to refer to the j-th variable node. Each variable node is
associated with an attribute vector vj ∈ Rp that encodes information about xj , where
p denotes the number of attributes. In its simplest form, as illustrated in Figure 3.2,
this vector includes the variable’s lower and upper bounds and objective coefficient:
[ℓx

j , ux
j , cj ]⊤. We can further enrich vj with additional structural and numerical infor-

mation. This may include the sparsity of the corresponding column A:j in the con-
straint matrix, as well as the similarity between A:j and the bound vectors (ℓs, us).
In this way, each variable node captures both structural information from the con-
straint matrix and numerical characteristics from the optimization model. A detailed
description of these attributes is provided in Table 3.1.

• The constraint vertex set W contains m nodes. We use the symbol wi to represent
the i-th constraint node. Each constraint node is associated with an attribute vector
wi ∈ Rq that encodes information about wj , where q denotes the number of attributes.
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Attribute index Constraint node j Variable node i

1 ⟨Aj:, c⟩ cj

2 nnz(Aj:)/n nnz(A:i)/m
3 ⟨Aj:, ℓx⟩ ⟨ℓs, A:i⟩
4 ⟨Aj:, ux⟩ ⟨ℓu, A:i⟩

5
{

lsj if lsj ̸= −∞
0 else

{
lxi if lxi ̸= −∞
0 else

6
{

0 if lsj ̸= −∞
−1 else

{
0 if lxi ̸= −∞
−1 else

7
{

us
j if us

j ̸=∞
0 else

{
ux

i if ux
i ̸=∞

0 else

8
{

0 if us
j ̸=∞

1 else

{
0 if ux

i ̸=∞
1 else

Table 3.1: Attributes of each constraint node j and variable node i, used as input features for
the GNN model. Here, ⟨·, ·⟩ denotes the cosine similarity between two vectors. For attributes
5–8, since the bounds can be infinite, additional tag dimensions are included to indicate
their presence, ensuring numerical stability.

In its simplest form, as illustrated in Figure 3.2, the attribute vector for a constraint
node includes the constraint’s lower and upper bounds, [ℓs

i , us
i ]⊤. A more enriched

version of the attribute vector includes the similarity between the row Ai: and the
objective vector c, the similarity between Ai: and the variable bound vectors (ℓx, ux),
and the sparsity of Ai:.

• The edge set E is defined by the nonzero entries of the constraint matrix A. Specif-
ically, if Aji ̸= 0, then there exists an edge (vi, wj) connecting variable node vi and
constraint node wj , with the edge attribute given by the corresponding matrix entry
Aji. Formally,

E(vi,wj) = Aji, ∀(i, j) ∈ [n]× [m].

Note that a major advantage of representing a linear program (LP) as a weighted bi-
partite graph is permutation equivalence. This concept refers to the equivalence of two
LP instances when the decision variables, cost vector, bound vectors, and columns of the
constraint matrix are permuted in the same order. In the graph context, this property is
formally referred to as permutation equivariance, meaning that predictions at the node level
are equivariant to such permutations. Specifically, if we permute two decision variables in
the input LP, the underlying problem remains unchanged, and thus we expect the model’s
output to be invariant under these permutations.
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Figure 3.3: Overall procedure of the inference step.

Following this bipartite graph representation, for any problem instance (P ), we can
uniquely transform it into a weighted bipartite graph, i.e., (P )→ G = (V, W, E).

Label construction. A valid initial basis for the Simplex method requires the following
information:

• A valid basis (Bx,Bs).

• For any i ∈ Nx, whether xB
i = ℓx

i or xB
i = ux

i .

• For any j ∈ Ns, whether sB
j = ℓs

j or sB
j = us

j .

For this purpose, given any optimal basic feasible solution (x, s), we transform it into n+m

one-hot labels {
yx,i, ys,j ∈ OneHot(3) | i ∈ [n], j ∈ [m]

}
.

Specifically,

yx,i =


[1 0 0]⊤ if xi = ℓx

i

[0 1 0]⊤ if ℓx
i < xi < ux

i

[0 0 1]⊤ if xi = ux
i

and ys,j =


[1 0 0]⊤ if sj = ℓs

j

[0 1 0]⊤ if ℓs
j < sj < us

j

[0 0 1]⊤ if sj = us
j

(3.2)

Message-passing functions. We adopt the standard message-passing framework for the
graph neural network [141]. A graph neural network with L message-passing steps will be
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learned. The learnable message-passing functions are denoted as

fV
l (θV

l ; ·) : RdV
l−1 × RdW

l−1 → RdV
l and

fW
l (θW

l ; ·) : RdW
l−1 × RdV

l−1 → RdW
l for l ∈ [L],

where {θV
l , θW

l | l ∈ [L]} are the learnable parameters, dV
0 = p, dW

0 = q and dV
L = dW

L = 3.
The node embeddings will be updated via these message-passing functions, i.e., for any
i ∈ [n], j ∈ [m] and l ∈ [L],

vl
i = fV

l

(
θV

l ; vl−1
i ,

m∑
j=1

E(vi,wj)wl−1
j

)
,

wl
j = fW

l

(
θW

l ; wl−1
j ,

n∑
i=1

E(vi,wj)vl−1
i

)
,

(3.3)

where the 0-step embeddings v0
i and w0

j are initialized as the input features vi and wj ,
respectively.

Knowledge-based masking. After the L message passing steps, we want to predict the
label for each node based on its current feature. Namely, we design mappings.

vL
i → px,i ∈ ∆3 and wL

j → ps,j ∈ ∆3, ∀i ∈ [n], j ∈ [m],

such that px,i, ps,j are the probabilities defined in (3.1).
It is important that these resulting probabilities respect the feasibility of non-basic

entries. Formally, for any variable xi, if ℓx
i = −∞ or ux

i = +∞, then the corresponding
probability should be zero, i.e.,

P(xi = ℓx
i ) = 0 or P(xi = ux

i ) = 0.

A similar requirement exists for constraint variables.
To satisfy these requirements, we adopt the knowledge-based masking technique [56],

where the key idea is to mask out probability entries based on the problem knowledge.
Specifically, we define

px,i = softmax(vL
i + hx,i) and ps,j = softmax(wL

j + hs,j),
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where the softmax mapping is defined by softmax(z)i = exp(zi)∑d

j=1 exp(zj)
, ∀i ∈ [d] and

hx,i =


[−∞ 0 0]⊤ if ℓx

i = −∞

[0 0 −∞]⊤ if ux
i = +∞

[0 0 0]⊤ otherwise

and hs,j =


[−∞ 0 0]⊤ if ℓs

j = −∞

[0 0 −∞]⊤ if us
j = +∞

[0 0 0]⊤ otherwise.

Training loss Finally, we define the loss function, where we use the cross-entropy function
to measure the mismatch between the resulting probability and the ground truth label for
every decision and constraint variable. Let θ = {θV

l , θW
l | 1 ≤ l ≤ L} denote the set of all

learnable parameters. The loss function is defined as

LD(θ) = 1
K

K∑
k=1

ℓ
(
θ; (P k), (xk, sk)

)
,

where the per-sample loss is

ℓ (θ; (P ), (x, s)) = 1
m + n

 n∑
i=1

ℓCE(px,i, yx,i) +
m∑

j=1
ℓCE(ps,j , ys,j)

 .

Here, the cross-entropy function is defined as ℓCE(p, y) = −∑d
i=1 yi log(pi), and the pre-

dicted probabilities {px,i, ps,j | 1 ≤ i ≤ n, 1 ≤ j ≤ m} are obtained from f(θ; (P )).
Since the basis labels can be imbalanced, e.g., only a few slack variables may be basic,

we introduce label-dependent weights α(yx,i) and α(ys,j) into the training loss:

ℓ
(
θ; (P ), (x, s)

)
= 1

m + n

[
n∑

i=1
α(yx,i) ℓCE(px,i, yx,i) +

m∑
j=1

α(ys,j) ℓCE(ps,j , ys,j)
]
,

where the weights are defined as the inverse frequency of each label:

α(yx,i) = 1∑
i′∈[n] 1{yx,i′ = yx,i}

, α(ys,j) = 1∑
j′∈[m] 1{ys,j′ = ys,j}

.

Here, 1{·} denotes the indicator function.

3.2.4 Basis Inference

In this section, we show how to infer a valid basis from the probabilities predicted by
the learned mapping f(θ; ·). The overall procedure of the inference step is shown in Fig-
ure 3.3. Given an LP instance (P ), recall that the predicted probabilities from f(θ; (P )) are
{px,i, ps,j | i ∈ [n], j ∈ [m]}.
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Basis generation First, we select basis as the indices corresponding to the top-m pre-
dicted values for P(ℓx

i < xi < ux
i ) and P(ℓs

j < sj < us
j), i.e.,

(Bx,Bs) ∈ argmax
|Bx|+|Bs|=m

∏
i∈Bx

px,i[2]
∏

j∈Bs

ps,j [2].

Basis adjustment However, (Bx,Bs) from the last step may not be a valid basis, as the
matrix [ABx − Im

Bs
] may be singular (Definition 1). Thus, we adjust (Bx,Bs) to make it

a valid basis. Our adjustment approach is inspired by a basis repair procedure described
in [16]. We try to factor the matrix [ABx − Im

Bs
] [15]. Note that this factorization does not

incur additional computational complexity, as it has to be done during the Simplex method.
During the factorization, if we encounter a column whose pivot value is smaller than some
fixed tolerance, then we will remove this column by eliminating the corresponding index
from (Bx,Bs). After the factorization, if the basis is incomplete, i.e., |Bx|+ |Bs| < m, then
we will fill it by adding the non-selected indices according to the predicted probabilities.
The factorization is then attempted again until a complete and successfully factored basis
is produced.

Finally, we determine statuses for the non-basic entries according to predicted probabil-
ities of reaching the upper bound or lower bound, i.e., for any i ∈ Nx and j ∈ Ns

xB
i =

ℓx
i if px,i[1] ≥ px,i[3]

ux
i otherwise

and sB
j =

ℓs
j if ps,j [1] ≥ ps,j [3]

us
j otherwise.

3.3 Numerical Experiments

In this section, we evaluate the performance of our proposed methodology as a warm-start
strategy for the Simplex and column generation methods, as well as to investigate the
impact of dataset diversity on the methodology and the potential for model transferability.
To accomplish this, we conduct a series of experiments consisting of four main parts. First, in
Section 3.3.1, we test the performance of the proposed methodology as a warm-start strategy
for the Simplex method. Second, in Section 3.3.2, we repeat this experiment but using the
column generation method. Third, in Section 3.3.3, we sought to determine the impact of
dataset diversity on the proposed methodology by training the model on generated datasets
with varying diversity and comparing the results. Finally, in Section 3.3.4, we evaluate the
potential for model transferability by training the model on one dataset and then testing it
on another dataset that comes from a different source.

Datasets We evaluate our method on a diverse collection of datasets: three publicly avail-
able (MIRP [121], LIBSVM [180, 8], and STOCH [24]), two privately sourced from large-
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Algorithm 1: Smart Initial Basis Selection Algorithm for Linear Programs

1 Training Stage: Given historical LPs, train a basis prediction model.
Input : Past solved LPs set D = {[(P k), (xk, sk)]}Kk=1
Output: GNN model f(θ; ·)
▷ Construct training dataset from past LPs

2 foreach [(P k), (xk, sk)] ∈ D do
▷ Construct graph representation from LP data

3 Extract cost vector c, bounds ℓx, ℓs, ux, us, and constraint matrix A;
4 Construct constraint node features {wj}mj=1 and variable node features {vi}ni=1;
5 Connect edge E(wj ,vi) with weight Aji if Aji ̸= 0;

▷ Construct labels from optimal solution
6 Transform (xk, sk) into one-hot labels {yx,i, ys,j ∈ OneHot(3) | i ∈ [n], j ∈ [m]};
7 Train f(θ; ·) with the constructed dataset: θ∗ ← arg minθ LD(θ);
8 return f(θ; ·)
9 Inference Stage: Given a testing LP, predict an initial basis.

Input : Testing LP P test

Output: Predicted basis (B′
x,B′

s)
▷ Basis generation

10 Infer basis probabilities {px,i, ps,j | i ∈ [n], j ∈ [m]} using f(θ; ·);
11 Select top-m likely entries into Bx,Bs according to P(ℓx

i < xi < ux
i ) and

P(ℓs
j < sj < us

j);
▷ Basis adjustment

12 Adjust basis to make matrix non-singular;
13 Determine statuses for non-basic entries;
14 return (B′

x,B′
s)

15 Function GNN_Model(θ, {vi}ni=1, {wj}mj=1)
16 Initialize node features: v0

i ← vi, w0
j ← wj ;

▷ Message passing for L steps
17 for l = 1 to L do
18 vl

i ← fV
l (θV

l ; vl−1
i ,

∑m
j=1 E(vi,wj)wl−1

j );
19 wl

j ← fW
l (θW

l ; wl−1
j ,

∑n
i=1 E(vi,wj)vl−1

i );
▷ Knowledge masking to ensure feasibility

20 px,i ← softmax(vL
i + hx,i);

21 ps,j ← softmax(wL
j + hs,j);

22 return {px,i, ps,j | i ∈ [n], j ∈ [m]};
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Dataset #LPs m=#constraints n=#variables density #basic variables
n (%) #basic slacks

m (%)
LIBSVM 100 20.0K 20.0K 5e-4±2e-19 31.3±2e-3 68.7±2e-3

MIRP 28 28.2K±25.2K 28.7K±25.0K 2e-4±1e-4 40.0±3.1 58.6±4.3

STOCH 100 52.3K±1.9K 107.0K±3.8K 5e-5 48.9±5e-4 0.0±2e-4

GEN 100 1.0K 1.0K 0.1±1e-3 60 40
SC-1 525 312.9K±177.4K 659.1K±386.4K 3e-5±2e-4 38.8±4.5 20.1±4.6

SC-2 190 1.4M ±199.1K 2.9M ±450.6K 2e-6±3e-7 36.7±1.5 22.6±1.4

Table 3.2: The statistics of datasets.

scale supply chain problems (SC-1 and SC-2), and one synthetic dataset (GEN) generated
using the LP generator of [19]. Dataset statistics are summarized in Table 3.2. All datasets
are split into training and test sets with a 7:3 ratio.

For evaluation, we follow default configurations [121, 8, 24, 19], with minor adjustments
to reflect scenarios where a series of similar LPs are solved. In LIBSVM, the Cod-RNA
dataset is used, and training/test LPs are constructed by randomly sampling 20K points
from each split. MIRP uses Group-1 LPs without modification. STOCH generates 2-stage
stochastic supply chain LPs with 75–85 first-stage variables. In GEN, the diversity param-
eter λ (Section 3.3.3) is set to 10.

Candidate Optimization Solvers We evaluate the performance of the proposed method-
ology using two optimization solvers: HiGHS [82], a state-of-the-art open-source solver that
offers both primal and dual Simplex methods, and an OptVerse solver [83] that addition-
ally incorporates the column generation algorithm. To eliminate any potential impact from
solver configurations, the presolve option is turned off, and default settings are used.

Implementation Our approach is implemented using Python 3.7, PyTorch 1.8, and the
PyG framework [57]. The GNN model is trained on an NVIDIA V100 GPU (32 GB), and
evaluations are conducted on a system equipped with an 8-core Intel Xeon E5-2690 v4 CPU
and 64 GB memory, running Ubuntu 18.04 within Docker containers for solver execution.
Our code is publicly available at the Huawei AI Gallery1 . For the model architecture,
we adopt the GNN proposed by [115] and customize the graph convolution operation. To
efficiently process large, sparse constraint–variable bipartite graphs, each convolution layer is
implemented as two sparse matrix multiplications—one for message passing from constraint
to variable nodes and another in the reverse direction. By default, a 3-layer lightweight GNN
is used for SC-1 and SC-2, and a 5-layer GNN for other datasets. The hidden dimension
is 128, and the dropout rate is 0.1. We adopt standard hyperparameters without tuning,

1https://developer.huaweicloud.com/develop/aigallery/notebook/detail?id=
ce45dd10-44ce-43bb-89c8-1f3277f1132d
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Dataset DEFAULT CA CA-MPC CA-ANG GNN(Ours)
Iterations

LIBSVM 14.9K±9.5K 14.9K±9.5K 21.0K±4.8K 15.2K±1.1K 9.1K±3.1K

MIRP 40.3K±23.3K 34.8K±20.2K 36.7K±20.8K 39.6K±22.7K 25.9K±16.9K

STOCH 75.3K±4.3K 52.5K±4.8K 48.7K±5.2K 53.3K±1.7K 31.8K±14.3K

GEN 2.4K±225.0 2.4K±225.0 2.4K±225.0 2.4K±225.0 552.8±642.9

SC-1 272.3K±151.9K 158.9K±89.1K 266.9K±148.5K 269.2K±151.5K 26.6K±15.4K

SC-2 1.2M ±170.7K 1.1M ±172.2K 1.2M ±163.5K 431.9K±99.0K 169.1K±34.3K

Time (s)
LIBSVM 16.6±10.0 16.7±10.0 27.9±12.4 28.3±2.2 11.0±3.7

MIRP 22.1±23.3 21.4±22.5 18.6±16.9 21.6±20.9 15.4±15.7

STOCH 44.6±11.8 61.3±12.3 51.3±12.4 53.2±8.5 42.7±30.0

GEN 1.3±0.2 1.4±0.2 1.4±0.3 1.4±0.3 0.5±0.5

SC-1 77.9±68.4 85.8±80.3 86.1±79.5 100.1±94.0 22.8±23.5

SC-2 348.7±101.0 1.3K±698.2 382.8±102.3 338.7±181.5 87.3±25.4

Table 3.3: Performance comparison between the proposed and rule-based initial-basis strat-
egy, with the dual Simplex method and the OptVerse solver.

using the Adam optimizer (learning rate 10−3, weight decay 10−4) with a decay factor of
0.1 every 200 epochs, trained for 800 epochs in total.

The training cost scales linearly with the number of constraints and variables, owing to
the fact that each node aggregates information only from its neighbors, and the constraint
matrices (i.e., connections) are typically sparse. Model training takes about 1–2 hours for
small and medium datasets and 6–8 hours for the largest ones. Since our focus lies in achiev-
ing fast inference rather than minimizing training time, this cost is considered acceptable.
Meanwhile, memory consumption is negligible for small graphs. For large graphs in SC-2
(up to 2 M nodes and 10 M edges), neighborhood sampling [76] is applied when the number
of edges exceeds 10 M to control GPU memory usage.

3.3.1 Initial-Basis Strategy for the Simplex Algorithm

In this section, we evaluate the performance of the proposed methodology as a warm-start
strategy for the Simplex method. The proposed method is compared to four initial-basis
strategies:

1. DEFAULT: the initial basis contains all slack variables.

2. CPLEX Crash (CA) [15]: employs a heuristic approach to construct a basis with
improved triangularity and fewer artificial variables.

3. CA-MPC [126]: constructs a sparse initial basis using triangulation and fill-reducing
techniques, as implemented in the OptVerse solver.
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Figure 3.4: The convergence plots for training accuracy and loss

Iterations Time (s)
Dataset DEFAULT CA GNN(Ours) DEFAULT CA GNN(Ours)
LIBSVM 9.0K±178.8 9.0K±64.2 5.2K±1.5K 7.4±0.2 7.5±0.1 4.6±1.2

MIRP 29.9K±17.0K 25.9K±14.5K 18.2K±12.3K 17.8±17.2 17.6±16.7 14.5±14.2

STOCH 343.2K±36.6K 261.4K±36.2K 165.1K±42.6K 718.7±112.5 553.9±102.9 251.6±66.7

GEN 2.2K±105.0 2.2K±103.4 80.4±186.1 1.3±0.1 1.3±0.1 0.2±0.2

SC-1 262.6K±147.0K 207.5K±111.0K 64.9K±36.5K 21.3±18.7 62.9±50.0 11.1±11.2

SC-2 1.2M ±165.5K 1.1M ±128.8K 214.3K±40.4K 194.4±58.9 336.6±103.6 65.0±25.1

Table 3.4: Evaluation of the performance of the initial-basis strategy for the dual Simplex
method using the HiGHS solver.

4. CA-ANG [87]: heuristically builds an initial basis closer to the optimal vertex, also
evaluated via the OptVerse solver.

Both the primal and dual Simplex methods were employed in the evaluation. The con-
vergence plots, including training accuracy and loss, are shown in Figure 3.4. Performance
results for the dual Simplex method are presented in Table 3.3 and Table 3.4, while Table 3.5
and Table 3.6 report the performance of our method using the primal Simplex algorithm.
The tables compare the number of Simplex iterations and the total running time, which
includes both the time required to determine the initial basis and the time for executing the
Simplex method. Results are reported as mean ± std over the test set. Overall, our proposed
approach consistently reduces both iteration counts and running time across all datasets
when using the primal Simplex method. In the following, we further analyze the performance
of our method under the dual Simplex algorithm and provide additional insights.

We highlight the results in Table 3.3. The proposed initial-basis strategy consistently
outperforms DEFAULT and the rule-based strategies (CA, CA-MPC, and CA-ANG) in
terms of both the number of Simplex iterations and total running time across all datasets.
This is because the heuristic-based strategies have three main drawbacks:

31



Iterations Time (s)
Dataset DEFAULT CA GNN (Ours) DEFAULT CA GNN (Ours)
LIBSVM 20.2K±2.4K 20.2K±2.4K 19.5K±3.1K 18.2±2.8 18.5±2.8 18.1±2.7

STOCH 56.2K±30.1K 19.3K±8.4K 15.4K±9.5K 44.7±36.1 9.1±7.3 8.3±7.0

MIRP 36.3K±26.9K 32.8K±22.9K 24.1K±18.4K 24.5±26.3 20.4±21.7 15.7±16.9

SC-1 359.6K±210.4K 211.2K±126.1K 34.9K±23.1K 173.4±205.1 142.7±164.6 34.8±65.2

SC-2 1.8M ±275.9K 1.2M ±184.9K 393.5K±72.1K 1.4K±627.7 937.2±449.0 324.5±133.1

Table 3.5: Performance evaluation with primal Simplex algorithm in the OptVerse solver

Iterations Time (s)
Dataset DEFAULT CA GNN (Ours) DEFAULT CA GNN (Ours)

GEN 3.9K±661.8 3.9K±661.8 279.6±444.2 1.8±0.5 1.9±0.5 0.2±0.3

LIBSVM 9.1K±726.2 9.1K±726.2 6.1K±794.1 6.0±0.6 6.0±0.6 3.7±0.6

STOCH 332.5K±39.6K 318.5K±25.9K 314.8K±68.5K 635.7±169.4 581.3±101.2 558.5±70.1

MIRP 148.2K±120.0K 131.6K±111.1K 116.2K±91.1K 111.4±127.1 98.1±112.9 82.1±87.0

SC-1 387.4K±199.5K 213.6K±106.6K 100.8K±86.2K 1.6K±1.5K 593.5±598.9 258.8±613.7

SC-2 1.5M ±231.2K 1.7M ±313.2K 146.2K±27.2K 17.9K±4.6K 23.2K±7.5K 2.0K±651.5

Table 3.6: Performance evaluation for primal Simplex algorithm in HiGHS solver

1. CA and CA-MPC are designed to achieve better numerical properties for the initial
basis matrix, rather than being close to optimal. Consequently, only the first few
iterations are accelerated, and the total number of iterations does not necessarily
decrease.

2. CA-ANG aims to find an initial basis close to the optimal basis, but it only works when
angular conjectures hold. Similarly, other rule-based methods are limited to specific
problem structures: CA-CPLEX works only for problems with equality constraints,
and CA-MPC prefers constraint matrices with more singleton columns.

3. They do not utilize information from previously solved LPs, which limits both their
capacity and applicability.

The acceleration observed in the results is attributed to two aspects: (1). The inference
time is negligible; (2). The predicted initial bases are close to optimal.

To verify this, the inference time and prediction performance of the proposed approach
are presented in Table 3.7. The “Inference time (s)” column represents the additional time
required during the inference stage, including GNN inference and basis adjustment. As
shown in the results, the inference cost of the proposed method is insignificant, accounting
for less than 10% of the total running time.

The performance of the GNN model in predicting optimal bases is evaluated using ac-
curacy, precision, and recall, computed with our extended metric M̃ . Accuracy measures
the fraction of correctly predicted variables, while precision and recall capture the correct-

32



Inference time (s) Prediction performance
Dataset GNN inference Basis adjustment Accuracy (%) Precision (%) Recall (%)
LIBSVM 0.1±8e-3 0.1±2e-3 87.1±4e-2 84.6±4e-2 87.7±2e-2

MIRP 0.1±5e-2 3e-3±2e-3 88.9±1.8 78.4±1.6 80.8±5.4

STOCH 2e-2±7e-3 4e-3±2e-3 81.7±1.9 81.3±1.9 81.3±1.9

GEN 2e-2±6e-3 0.1±2e-2 99.9±0.1 99.9±0.1 99.9±0.1

SC-1 0.1±4e-2 0.3±0.2 93.0±2.1 89.0±5.4 84.6±6.5

SC-2 0.3±0.1 0.3±0.1 90.4±0.8 90.8±0.7 78.4±2.0

Table 3.7: Test performance of the GNN prediction model.

ness and completeness of the predictions. Unlike standard machine learning tasks, our basis
generation ensures exactly m entries are predicted as basic. Metrics computed over all m+n

entries would yield identical precision and recall (and be equal to accuracy when m = n),
failing to reflect true performance. High precision and recall together are required to indicate
a reliable model, particularly when variable or constraint labels are imbalanced.

Formally, let {ŷ(k)
x,i }ni=1 and {ŷ(k)

s,j }mj=1 denote the predicted statuses of variables and
constraints for the k-th LP, and {y(k)

x,i }ni=1 and {y(k)
s,j }mj=1 the corresponding ground-truth

labels. The extended metric M̃ , based on a standard ML metric M (e.g., accuracy, macro-
precision, macro-recall), is defined as

M̃ = 1
2K

K∑
k=1

[
M
(
{ŷ(k)

x,i }
n
i=1, {y(k)

x,i }
n
i=1
)

+ M
(
{ŷ(k)

s,j }
m
j=1, {y(k)

s,j }
m
j=1
)]

,

which averages separately over variables and constraints to provide a balanced assessment
of model performance. Our GNN model achieves over 81% accuracy and 78% for both
precision and recall across all datasets, indicating near-optimal bases.

3.3.2 Initial-RMP Strategy for the Column Generation Algorithm

In this section, we extend our proposed methodology to be a warm-start strategy for the
column generation (CG) algorithm.

The column generation method, originally proposed by [42] and [67], is designed for
linear programs (LPs) with a very large number of columns (n ≫ m), where traditional
Simplex iterations over all variables become computationally prohibitive. CG begins with
a restricted master problem (RMP) that contains only a subset F ⊆ [n] of the full variable
set and iteratively augments this set by adding columns identified via dual information.
Formally, the RMP is defined as
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Iterations Time (s)
Dataset DEFAULT GNN DEFAULT GNN
LIBSVM 34.3K±45.1 17.6K±1.9K 24.9±0.2 19.0±2.7

MIRP 59.2K±46.0K 31.2K±25.9K 54.7±65.2 23.7±28.0

STOCH 99.3K±6.8K 33.3K±12.1K 29.7±10.2 23.3±19.0

GEN 4.2K±2.4K 95.7±120.9 1.4±0.5 0.5±0.3

SC-1 345.2K±194.0K 68.1K±41.4K 64.8±56.3 31.7±35.0

SC-2 1.6M ±238.6K 384.1K±92.7K 721.6±299.4 463.5±586.1

Table 3.8: Evaluation of the performance of the initial-RMP strategy for the column gen-
eration method using the OptVerse solver.

min
x∈R|F|,s∈Rm

cT
Fx

s.t. AFx = s

ℓx
F ≤ x ≤ ux

F

ℓs ≤ s ≤ us.

(RMP)

If the predicted basis is already optimal, constructing an RMP based on it would allow
the CG algorithm to converge immediately. This motivates the use of a GNN-predicted
basis to accelerate CG. The initial subset F must be chosen carefully to ensure that (RMP)
is feasible. Once the RMP is solved, the optimal dual solution is used to identify and add
promising columns from [n] \ F . The RMP is then updated and resolved, and this process
repeats until convergence.

Since the GNN-predicted basis may yield a basic solution that is infeasible, we introduce
an auxiliary LP with artificial slack variables for infeasible constraints. This auxiliary LP
provides a feasible starting point and serves as the initial RMP for the CG algorithm.

We compare the proposed initial-RMP strategy with the DEFAULT approach, which
heuristically constructs an initial feasible solution by fixing many variables at their bounds
and forming an RMP from the remaining variables. Performance is evaluated in terms
of the number of CG iterations and total runtime, as reported in Table 3.8. The results
demonstrate that the initial-RMP strategy consistently reduces both CG iterations and
running time across all datasets.

3.3.3 Impact of Dataset Diversity

In this section, we aim to evaluate the performance of our proposed approach on datasets
with varying degrees of diversity. The efficacy of data-dependent machine learning tech-
niques for solving LP problems is contingent on the similarity of the mapping from an LP
instance to its optimal basis in a given dataset. To this end, we devise a problem-generation
strategy that allows for the controllable manipulation of the diversity of the mapping.
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Figure 3.5: Left: Test accuracy versus λ. Middle: Total running time versus λ. Right:
Simplex iterations versus λ.

Our problem-generation strategy is designed based on the LP-generation technique de-
veloped by [19]. Constraint matrix A ∈ Rm×n is generated in the same way, where the
maximum number of nonzeros in rows and columns will be less than thresholds τrow and
τcolumn. Then we select basic entries according to the number of nonzeros in A and generate
an optimal basic solution (x, s) through the following steps:

• k = ⌊γm⌋;

• Choose k indices Bx ⊆ [n] according to probabilities softmaxλ([nnz(A:i)]) without
replacement; Here, softmaxλ(z)i = exp(zi/λ)∑d

j=1 exp(zj/λ)
, ∀i ∈ [d].

• Choose m−k indices Bs ⊆ [m] according to probabilities softmaxλ([nnz(Aj:)]) without
replacement;

• Randomly fill in remaining values for (x, s).

Finally, following the same way, c and b are computed using complementary slackness,
and LPs are generated.

In our LP-generating strategy, the scalar λ controls the similarity between the mapping
from an LP instance to an optimal basis. When λ = 1 the softmaxλ coincides with softmax,
when λ→∞ the softmaxλ tends to uniform distribution, and when λ→ 0 the softmaxλ ap-
proximates onehot distribution. To conclude, as λ increases, the generated dataset becomes
more diverse.

The evaluation results are presented in Figure 3.5, where we test the performance of
GNN models with a varying number of layers. The left figure illustrates the relationship
between test accuracy and the diversity of the dataset (λ). As depicted in the left figure,
the test accuracy decreases as the diversity of the dataset increases, indicating that the
diversity of the instances has a significant impact on the GNN prediction. The middle and
right figures demonstrate the effect of dataset diversity on our initial-basis strategy for the
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Iteration Ratio = GNN Iterations / DEFAULT Iterations

Source
Target LIBSVM MIRP STOCH GEN SC-1 SC-2

LIBSVM 0.8±0.3 1.0±0.1 0.8±3e-2 1.7±0.2 0.9±0.1 0.9±3e-2

MIRP 1.1±0.4 0.6±0.1 1.0±4e-2 1.4±0.9 1.0±3e-2 1.0±5e-3

STOCH 1.0±0.4 1.3±0.1 0.4±0.2 1.6±0.5 0.6±0.3 1.2±0.2

GEN 2.1±1.1 1.0±0.1 0.8±3e-2 0.2±0.3 1.2±0.1 1.3±0.1

SC-1 1.0±0.4 0.8±0.1 1.3±0.2 1.1±0.1 0.1±2e-2 0.1±2e-2

SC-2 1.0±0.4 0.8±0.1 0.8±0.1 1.0 0.3±0.1 0.1±2e-2

Time Ratio = GNN Time / DEFAULT Time

Source
Target LIBSVM MIRP STOCH GEN SC-1 SC-2

LIBSVM 0.8±0.2 1.1±0.2 2.1±0.4 1.8±0.3 1.8±0.5 2.5±0.4

MIRP 1.1±0.4 0.7±0.1 1.0±0.1 3.5±6.1 1.2±0.1 1.2±0.2

STOCH 1.0±0.4 1.6±0.4 0.9±0.5 0.7±0.3 1.7±0.9 3.9±2.4

GEN 2.0±1.0 1.1±0.3 2.1±0.3 0.1±0.1 3.1±1.0 7.4±4.3

SC-1 1.2±0.4 0.8±0.1 3.1±0.7 1.1±0.1 0.3±0.1 0.3±3e-2

SC-2 1.0±0.3 1.0±0.1 1.2±0.1 1.0±0.1 0.6±0.3 0.3±4e-2

Table 3.9: Performance of models trained on a source dataset transferring to a target dataset.
The entries show the Iteration/Time ratio between utilizing the GNN model trained on a
source dataset and adopting the DEFAULT strategy towards a target dataset. Bold entries
mean that on the corresponding target dataset (column-wise), the fastest iterations/time is
achieved.

Simplex method. The results show that both the running time and the number of Simplex
iterations increase as the diversity of the dataset increases, which is consistent with the
findings in the left figure, as the predicted bases are farther from the optimal ones.

3.3.4 Cross-dataset Evaluation

In this section, we evaluate the transferability of our proposed approach. The motivation
for this evaluation is that, in practice, datasets may originate from different sources, such
as airplane scheduling and product planning. It is unknown whether our approach could
produce a general model transferable to various sources.

To test this, we train the GNN model on one dataset and then test it on another, with the
two datasets having distinct sources. The results are presented in Table 3.9. It is observed
that most models (except the one trained on SC-2) perform best on their corresponding test
sets. The model trained on SC-1 performs well on the SC-2 test set, which may be because
SC-1 and SC-2 have the same source (supply chain demand). For the remaining models,
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Figure 3.6: Speedup v.s. the weight of GNN prediction on Mirp, STOCH, SC-1, and SC-2
datasets.

their performance on test sets from other sources is poor, as they perform similarly to the
DEFAULT initial-basis strategy.

In summary, the numerical results suggest that our proposed approach does not possess
good model transferability. This may be attributed to the different problem structures of
LPs from different sources, such as the block structures in the constraint matrix and the
topology of the corresponding Simplex polyhedron.

3.3.5 Hybrid Classical and GNN-based Strategies

This experiment is motivated by two questions. First, Can rule-based classical warm-start
strategies and data-driven GNN-based methods be fruitfully combined? Classical heuristics
(e.g., CPLEX Crash) are valued for their robustness and decades of engineering; GNN-
based approaches, in turn, offer adaptivity through learned problem structure. Yet, it is not
obvious a priori whether these paradigms are complementary—or whether their underlying
design principles may conflict. Second, classical and GNN-based methods appear to excel
along orthogonal dimensions. Classical methods prioritize numerical stability, constructing
bases with near-triangular structure to minimize factorization cost and ensure fast early
iterations. In contrast, GNN-based methods prioritize solution proximity, predicting bases
closer to optimality to reduce the total number of iterations. This suggests a potential
complement: a hybrid strategy could retain cheap early iterations while converging in fewer
steps.

To test this hypothesis, we design a way to inject GNN predictions into CPLEX Crash
(CA) [15]. We first introduce the CA strategy. It constructs its initial basis in three steps:

1. Add slack variables for all one-sided inequality constraints into basis;

2. Sort variables by heuristic penalties q ∈ Rn proposed in [15], where smaller qi indicates
higher priority (i.e., the corresponding variable is heuristically “freer”);
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3. Greedily select variables to preserve triangularity of the basis matrix [ABx −Im
Bs

], and
add them to basis.

We will inject GNN predictions into variable-prioritization step (Step 2) while leaving
its structural safeguards (Steps 1 and 3) unchanged. Let p =

[
P(lx1 < x1 < ux

1), . . . ,P(lxn <

xn < ux
n)
]

denote the GNN-predicted probability of each variable being basic. Since q and
−p are on different scales, we apply z-score normalization and define a combined penalty:

q′ = λ · zscore(−p) + (1− λ) · zscore(q), (3.4)

where λ ∈ [0, 1] controls the influence of the GNN signal:

• λ = 0: pure CPLEX Crash;

• λ = 1: GNN-guided variable ordering within the CA framework;

• 0 < λ < 1: hybrid strategies.

We evaluate performance using speedup, defined as:

Speedup = Iterations (or time) of DEFAULT− Iterations (or time) of X
Iterations (or time) of DEFAULT , (3.5)

where X ∈ {CA (λ = 0), hybrid (0 < λ < 1), GNN-augmented CA (λ = 1)}. Datasets
without equality constraints (GEN, LIBSVM)—where CA plays no role due to the absence
of artificial variables—are excluded. Results for Mirp, STOCH, SC-1, and SC-2 are shown
in Figure 3.6. The blue line shows the mean speedup of hybrid strategies (within the CA
framework) across varying λ. The dashed orange line shows the mean speedup of the pure
GNN warm-start, which bypasses Steps 1 and 3 of CA framework. The results yield two
key insights:

1. Hybrid strategies with λ > 0 consistently outperform pure CA (λ = 0) across all
benchmarks, confirming that GNN predictions improve upon CA’s heuristic variable
prioritization.

2. However, even when λ = 1—which fully replaces CA’s penalty with GNN guid-
ance—remains inferior to pure GNN warm-start.

Our hybrid design does not surpass the pure GNN warm-start. We attribute this to
Steps 1 and 3 of CPLEX Crash, which restrict the feasible set of initial bases and may
push the starting point farther from the optimum. Although these steps ensure fast early
iterations via near-triangular structure—and thus confer numerical advantages—the result-
ing solution-quality loss outweighs these benefits when a high-fidelity GNN prediction is
available. Rather than a simple hybridization, this result highlights the need for co-design:
a deeper integration of learning and optimization components at a more fundamental level,
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where numerical stability and solution proximity are jointly optimized—not sequentially
imposed.

3.4 Limitations and Future Works

Extension to Interior-Point Methods. Our current model predicts basis status (i.e.,
at the lower bound, basic, or at the upper bound) and is thus naturally aligned with simplex-
type solvers. A interesting direction is to investigate whether the predicted basis information
can also be used to warm-start interior-point methods (IPMs).

In principle, a predicted basic feasible solution may be converted into a strictly interior
initialization by applying a feasibility-preserving perturbation (e.g., shifting boundary vari-
ables away from 0 and re-centering), thereby obtaining positive primal and slack variables.
However, such a conversion does not guarantee proximity to the central path, which is typi-
cally more critical for IPM efficiency than proximity to a vertex solution. Therefore, although
a basis initialization can in principle be converted into an interior-point initialization, such
a transformation does not necessarily lead to significant speedup in the solving process.
Careful empirical validation and additional algorithmic design (e.g., centering strategies)
are required. This remains an interesting direction for future research.

Interpretability: What the GNNs Learned? Recent work has established theoretical
foundations for learning to optimize and has analyzed the representational power of GNNs
for modeling linear and mixed-integer optimization problems [30, 31, 128, 102]. However, it
remains a question about what the GNNs Learned.

The bipartite LP graph encodes coefficients, bounds, and objective information, while
message passing aggregates signals between constraints and variables. Empirically, the net-
work behaves like a learned classifier that correlates local structural patterns (e.g., sparsity,
coefficient magnitudes, and neighborhood interactions in a k-hops reception field) with op-
timal basis status [109].

To help understand what the GNN learns, consider an extreme yet intuitive example. In
historical LP instances of a supply chain planning problem, suppose that all apple-related
products consistently experience very high demand. In such cases, the optimal basis so-
lution tends to allocate as much available material and machine capacity as possible to
apple-related production. Consequently, constraints associated with these materials and
machines are more likely to become binding, i.e., reach their capacity limits. Through re-
peated exposure to such patterns in the training data, the GNN may learn to associate
high demand signals and structural connectivity with a higher probability of corresponding
constraints being binding and related variables being basic.

Meanwhile, to better understand the learned signals in a scientifically rigorous manner,
we may adopt post-hoc GNN interpretability methods [168, 166, 110] that attribute pre-
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dictions to subsets of nodes, edges, or input features. Representative approaches include
perturbation-based subgraph and feature masking techniques, such as GNNExplainer [166].

Such methods can provide insight into which constraints, coefficients, or bound-related
features most strongly influence whether a variable is predicted to be basic or at one of its
bounds. However, these interpretability tools are general-purpose methods developed for
graph representation learning models and do not explicitly leverage the algebraic structure
of linear programs. To the best of our knowledge, there are currently no interpretability
methods specifically designed for LP/MILP bipartite graphs. Therefore, developing inter-
pretation frameworks that incorporate optimization-specific properties remains an open and
promising research direction.

Generalization across datasets. We observe that cross-dataset generalization can de-
grade when the training and test sets are from different application domains. There may be
multiple reasons for this limitation.

First, the GNN architecture we used may itself be limited. For example, a 3-layer GNN
has a receptive field of only three hops, meaning that it can utilize information only within
a local subgraph and lacks the ability to effectively capture global structural information.

Although we experimented with increasing the number of layers and observed some
performance improvement, training became significantly slower and convergence more diffi-
cult as the model depth increased. This may be because deeper message passing can suffer
from the over-smoothing phenomenon [23, 165], where node representations become less
discriminative as the number of layers grows. This issue has been extensively analyzed both
theoretically and empirically in the GNN literature.

Therefore, exploring more expressive GNN architectures is a promising direction for fu-
ture work. In particular, models that incorporate global attention mechanisms, higher-order
interactions, or algebraically informed inductive biases may better capture global structural
dependencies beyond local message passing. Such architectures could potentially move be-
yond learning local statistical correlations and instead approximate algebraic properties of
LP instances, such as linear dependence, rank conditions, and global constraint interactions,
which are closely related to basis selection.

Second, the performance degradation may be partially attributed to distribution shift
[159, 100], both in numerical features and graph structure. Specifically, the training and test
sets may differ in coefficient distributions, constraint-to-variable ratios, sparsity patterns,
or other structural characteristics. In such cases, the model may rely on correlations that
are stable within the training dataset but fail to generalize under a different formulation
regime.

However, in practice, our goal is to develop a powerful and versatile model capable of
accelerating a broad range of LP instances. Inspired by the scaling laws observed in the
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LLM literature, a promising direction is to investigate whether larger models trained on
more diverse and large-scale datasets can achieve improved robustness and generalization.

Accordingly, one potential avenue is to explore graph pre-training followed by large-scale
supervised fine-tuning [77], with the objective of learning more transferable representations.
However, as discussed previously, the GNN architecture itself may require further improve-
ment. Without architectural advances, it may struggle to faithfully represent global algebraic
properties of LPs, such as linear independence and rank conditions of constraint subma-
trices. As a result, the model may still lack mathematical reasoning capability and fail to
truly understand or accurately predict optimal bases. Therefore, this remains a long-term
research direction.

As a more immediate and practical step, a promising alternative is to leverage LLMs to
generate human-interpretable heuristics or guidance strategies that assist program solving
[163, 26], thereby complementing learned basis prediction models.

3.5 Conclusion

In this chapter, we proposed a novel graph neural network (GNN) method for smart initial
basis selection in linear programming. Our approach represents LP instances as weighted
bipartite graphs and learns a mapping from problem instances to high-quality basis selec-
tions using GNNs. The main contributions are: (1) a principled graph representation of
LP problems that captures both structural and numerical characteristics while preserving
permutation equivariance; (2) a GNN architecture tailored to basis prediction, equipped
with knowledge-based masking to enforce feasibility constraints; (3) an inference procedure
that couples probabilistic predictions with basis adjustment techniques to guarantee math-
ematical validity; and (4) comprehensive numerical experiments demonstrating substantial
improvements over traditional rule-based initialization strategies. The method is particu-
larly effective in settings where similar LP instances are solved repeatedly, such as industrial
applications and column generation frameworks. Finally, we provide insights into hybridiz-
ing the learned model with classical heuristics, the transferability of the learned model, and
the limitations of the proposed approach.

While this chapter exemplifies how learning on structured representations of LPs can
enhance the solving stage of the OR pipeline, the next chapter moves one step upstream to
the construction of LP formulations from natural language descriptions and explores how
ML can further enhance this formulation stage of the OR process, as well as what kinds of
evaluation metrics are required in this setting.
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Chapter 4

Towards Human-Aligned
Evaluation for the Natural
Language to Linear Program Task

The Natural Language to Linear Program Task (NL2LP) is a type of mathematical word
problem in which a natural language description must be translated into a formal linear pro-
gram (LP). Unlike elementary arithmetic or algebra problems, solving an NL2LP instance
requires identifying decision variables, constructing an objective function, and formulating
constraints based on textual information. For instance, an NL2LP problem may describe
a resource allocation or scheduling scenario, and the solver must derive the corresponding
optimization model. An overview of this process is illustrated in Figure 4.1.

NL2LP tasks are particularly important because they closely resemble real-world decision-
making in operations research, including transportation planning, production scheduling,
and network design. Despite their practical significance, NL2LP remains relatively under-
explored, partly due to its reasoning-intensive nature and the lack of evaluation metrics
that reflect expert judgment.

With the advent of large language models (LLMs), non-experts can now automatically
generate LP formulations from natural language descriptions. Consequently, it has become
increasingly important to identify suitable LLMs and to develop evaluation metrics that
align with expert opinion. In this work, we highlight the limitations of prior metrics and
introduce a new metric designed to better capture expert-aligned performance.

4.1 Pitfalls of Prior Metrics

Prior research commonly evaluates NL2LP performance using two metrics: Canonical Ac-
curacy and Execution Accuracy.

Canonical Accuracy [134] It evaluates prediction quality at the declaration level,
where a declaration corresponds to either an optimization objective or a constraint. For a
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Figure 4.1: Illustration of a Natural Language to Linear Program (NL2LP) task, where the
textbook or real-world problem is described in natural language, and then an expert or LLM
identifies decision variables, formulates the objective function, and generates constraints to
construct the corresponding linear program.

single NL2LP problem, it is computed as:

Acci = 1− min(FPi + FNi, Di)
Di

(4.1)

Here, Di is the total number of declarations in the reference program. FPi counts predicted
declarations not matching any reference declarations, and FNi counts reference declarations
not matched by any predictions. The min operation ensures that the accuracy does not
become negative or overly penalized when FPi + FNi > Di.

A key limitation of this metric is its sensitivity to declaration order. For instance, the
constraints a ·X +b ·Y ≤ c and a ·Y +b ·X ≤ c are mathematically equivalent, but canonical
accuracy would treat them as different due to the variable ordering. Figure 4.2 illustrates
such a scenario, where a predicted program is equivalent to the reference but receives a low
canonical score because of variable permutation.

Execution Accuracy [127] Inspired by functional correctness evaluation in code gen-
eration [28], it assesses whether the predicted program produces the same optimal objective
as the reference. Specifically, the LLM-generated program is converted into an MPS1 file,
which is then solved to obtain the optimal value. A match in optimal objectives between
predicted and reference programs is counted as a correct prediction.

Despite its appeal, execution accuracy can be misleading. As shown in Figure 4.3 (Ex-
ample 2), a predicted program may ignore several constraints yet still achieve the reference’s

1An MPS (Mathematical Programming System) file is an industry-standard format for linear and mixed-
integer programs [155].
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Figure 4.2: An example illustrating the limitation of Canonical Accuracy: the predicted
program merely swaps the order of variables compared to the reference, but canonical
evaluation penalizes this change, producing a misleadingly low score.

optimal value. Moreover, two programs both deemed “infeasible” by the solver are consid-
ered identical, even if their underlying formulations differ substantially (Figure 4.3, Example
3).

4.2 Evaluation via Graph Edit Distance

This section introduces a simple yet effective evaluation strategy grounded in graph edit
distance (GED). This strategy tackles the pitfalls of prior metrics and aligns more closely
with human judgment, as a smaller edit distance indicates fewer mistakes in the predicted
program w.r.t. the reference program.

Generally, this evaluation strategy unfolds in three steps:

1. Converting the initial textual form of the predicted and reference programs into Linear
Programs (LPs) in general forms.

2. Transforming the predicted and reference LPs into bipartite graphs.

3. Calculating the graph edit distance between the predicted and reference graphs.

LP in General Form We continue to use the formulation P in Section 3.1, and provide
a quick recap of its simplified form below:

min
x∈Rn

c⊤x

s.t. ℓs ≤ Ax ≤ us

ℓx ≤ x ≤ ux,

(P)
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Figure 4.3: Examples demonstrating the limitations of Execution Accuracy. Example 2:
the predicted program omits several constraints but still matches the reference optimal
value; Example 3: two different programs are both classified as infeasible, leading to a
misleading match.

For this step, we implement a robust rule-based parser to convert the initial textual math
program into the LP in this general form.

Graph representation We continue to use the attributed bipartite graph representation
shown in Figure 3.2 and concisely recap it. We denote it by G = (S ∪X, E) in this section.
This graph consists of two disjoint vertex sets S = {si | i ∈ [m]} and X = {xj | j ∈ [n]},
and a collection E = {eij | i ∈ [m], j ∈ [n]} of edges. Here, the notation [·] means a set of
consecutive numbers. Vertex si corresponds to the i-th constraint ℓs

i ≤ a⊤
i x ≤ us

i , with its
attribute being attr(si) = [ℓs

i , us
i ]⊤. The notation xj is overloaded in the graph context to

represent the vertex xj that corresponds to the decision variable xj . Its attribute attr(xj) =
[ℓx

j , ux
j , cj ]⊤ contains the bounds (ℓx

j , ux
j ) and objective coefficient (cj). The topology of G is

determined by A, i.e., edge eij exists iff Aij ̸= 0. The attribute of this edge is simply the
weight Aij , i.e., attr(eij) = [Aij ].

One significant advantage of this graph representation is that it introduces permutation
invariance into the evaluation metric. This means that even if the constraints of the
input LPs are permuted, or if the decision variables (along with the corresponding cost
vector and columns of the matrix A) are reordered, the resulting graph remains equivalent,
underpinning the invariance of the overall evaluation metric.

Graph edit distance (GED) GED is the minimum cost required to transform one graph
into another by a sequence of operations including inserting, deleting, and substituting
vertices and/or edges (as shown in Fig 4.4). For generality, all these operations are viewed
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Figure 4.4: Exemplar graph edit path from the graph associated with the predicted program
to the reference program in Figure 4.3 (Example 2). Blue and yellow vertices are respectively
constraint and variable vertices.

as matching, e.g., deleting a vertex is to match this vertex to an empty vertex, denoted by
ϵ.

Any well-established Graph Edit Distance (GED) algorithm [1, 137, 62] can be employed
once the costs of matching operations are specified. While various cost definitions exist,
our proposed scheme follows a simple principle: each operation on a vertex attribute
incurs a unit cost of 1.

Let Gp = (Sp ∪ Xp, Ep) denote the predicted program graph and Gr = (Sr ∪ Xr, Er)
the reference program graph. Based on the principle above, the vertex cost matrix Cv is
formally defined as:

sr
i′ ∈ Sr xr

i′ ∈ Xr ϵ

sp
i ∈ Sp ① #msm(sp

i , sr
i′) ∞ ④ #attr(sp

i )
xp

i ∈ Xp ② ∞ #msm(xp
i , xr

i′) #attr(xp
i )

ϵ ③ #attr(sr
i′) #attr(xr

i′) ∞

Here, the rows’ names correspond to vertices in the predicted graph, while the columns’
names correspond to vertices in the reference graph. The special symbol ϵ represents a
“null vertex,” used for deletion (mapping a vertex in the predicted graph to ϵ) or insertion
(mapping ϵ to a vertex in the reference graph).

We now explain the representative entries ①–④; the remaining entries are defined anal-
ogously.

• ① Substitution between constraint vertices: Substituting a constraint vertex
sp

i from the predicted graph with a constraint vertex sr
i′ from the reference graph

corresponds to editing the attributes of one vertex to match the other:

Cv(sp
i → sr

i′) = #msm(sp
i , sr

i′)

where #msm(·) denotes the number of mismatched attributes between two vertices.

• ② Invalid substitution between different vertex types: A constraint vertex
cannot be converted into a variable vertex (and vice versa). Such substitutions are
therefore assigned an infinite cost:

Cv(sp
i → xr

i′) =∞
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• ③ Vertex deletion: Deleting a vertex in the predicted graph incurs a cost equal to
the number of its attributes. For example, deleting a constraint vertex sp

i :

Cv(sp
i → ϵ) = #attr(sp

i )

• ④ Vertex insertion: Conversely, inserting a vertex into the predicted graph can be
viewed as converting a null vertex into the inserted one:

Cv(ϵ→ sr
i ) = #attr(sr

i )

Similarly, the edge cost matrix Ce is defined as:

er
ij ∈ Er ϵ

ep
ij ∈ Ep #msm(ep

ij , er
ij) #attr(ep

ij)
ϵ #attr(er

ij) ∞

While GED(Gp,Gr) can measure the similarity between predicted and reference pro-
grams, it is sensitive to graph size. A larger graph, representing a predicted program with
more variables and constraints, is more prone to errors, thereby leading to larger GED w.r.t.
the reference program. To address this issue, we further normalize GED(Gp,Gr) by the graph
size, as NGED(Gp,Gr) = GED(Gp,Gr)

max(|Gp|,|Gr|) , where |G| = ∑
e∈E #attr(e) +∑

v∈S∪X #attr(v). Ul-
timately, NGED forms the core of our proposed evaluation metric for NL2LP. We adopted
the exact algorithm proposed by [1], which is a branch-and-bound method with a tailored
pruning and branching strategy. The worst-case complexity of comparing two bipartite
graphs with n1 and n2 nodes is O

(
(n1n2) n1+n2

)
. In practice, however, the predicted and

ground-truth graphs often share similar characteristics, such as easily identifiable identical
nodes, which allows the algorithm to scale reasonably well—for example, it can process
graphs with 15 nodes within 60 seconds. A notable limitation is its inability to handle
larger graphs efficiently. Nevertheless, as mentioned in Section 4.2, framing the evaluation
as a graph edit distance problem allows us to leverage various existing algorithms. One
potential approach is to use an approximate algorithm, such as that in [136], with cubic
complexity O(max{n1, n2}3). A more detailed exploration of such methods is left for future
work.

4.3 Experiments and Analysis

4.3.1 Experimental Setup

Datasets We use the NL4OPT benchmark [133], the first large-scale dataset for NL2LP
tasks, in our experiments. The dataset contains 713 training, 99 validation, and 289 test
instances. Each instance consists of a natural language problem description paired with a
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Figure 4.5: The prompt templates we applied for four Llama-based language models in
Section 4.3.1. The randomly sampled one-shot example is not added for Llama-2-SFT (13B).

Figure 4.6: Ranking distributions of human judgments on the NL4OPT test set.

ground-truth mathematical program, which has been verified by domain experts as part of
the NL4OPT benchmark.

Language Models To assess the effectiveness of evaluation metrics comprehensively, we
consider four LLMs, all rooted in the foundational architecture of the widely explored,
open-sourced Llama family [149, 138] but with different settings to obtain diverse NL2LP
modeling. Specifically, we include three Llama-based models: (1) Llama-2-Chat (13B),
(2) Code-Llama-Instruct (34B), and (3) Llama-2-Chat (70B). Additionally, we also
fine-tune Llama-2-Chat (13B) with the training set of NL4OPT and name it Llama-2-
SFT (13B). Except for Llama-2-SFT (13B), all three other LLMs are under the one-shot
in-context learning (ICL) setting, where a validation datapoint is randomly selected and
utilized as the one-shot example for all inferences. Figure 4.5 shows the complete prompting
formulation that we use identically across all four LLMs in our experiments (Section 4.3.1).
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Language Models Execution(↑) Canonical(↑) Ours(↓)
Llama-2-Chat (13B) 0.07 (4) 0.24 (4) 0.52 (4)
Code-Llama-Instruct (34B) 0.35 (2) 0.54 (2) 0.25 (2)
Llama-2-Chat (70B) 0.21 (3) 0.31 (3) 0.41 (3)
Llama-2-Chat-SFT (13B) 0.53 (1) 0.64 (1) 0.14 (1)

Table 4.1: Evaluation scores on the test set via 3 metrics for 4 models. ↑ means larger is
better; ↓ means lower is better. Model ranks are in brackets.

Self-Evaluation As a qualitative sanity check, the authors conducted a self-evaluation to
examine whether the proposed automatic evaluation metric aligns with human judgment.
Since the authors are either experts in Operations Research or have received targeted train-
ing to acquire the necessary background knowledge, this self-evaluation can be viewed as a
form of preliminary human evaluation. Accordingly, we also refer to it as human evaluation
in the following. For each test sample, the authors were provided with the reference program
and four anonymized programs generated by the four LLMs. The authors compared each
predicted program against the reference program and produced a relative ranking based on
perceived deviation from the reference (e.g., LLM1 = LLM2 > LLM4 > LLM3), allowing
ties when two predictions appeared equally similar. Figure 4.6 shows that the four LLMs
exhibit distinct performance patterns under this human evaluation. Based on the authors’
rankings, the overall performance order is l lama-13b-sft > code-llama-34b > llama-70b >
llama-13b.

4.3.2 Experimental Results

Performance of LLMs Table 4.1 presents the evaluation results obtained from our pro-
posed graph-based metric alongside two baseline metrics (i.e., execution accuracy and canon-
ical accuracy in Section 4.1), averaged across 289 test samples. The rankings of LLMs based
on these three metrics are consistent with human judgment shown in Figure 4.6, indicating
that all three evaluation metrics can effectively assess language models’ capability to solve
NL2LP to some extent. However, this does not suggest that they align equally well with
human judgment. For the majority of test samples, which are either distinctly easy or chal-
lenging for specific LLMs, the discrepancies between their predicted and reference programs
can be easily quantified by all metrics.

Correlation with Self-Evaluation To more comprehensively measure the alignment
between human evaluation and three automatic evaluation metrics for NL2LP, we delve
deeper by looking into the ranking match for each test sample. Specifically, we define two
types of matching rates: coarse-grained rate (C-Match) and fine-grained rate (F-Match).
Given two ranking lists obtained by human judgment and the automatic metric, we call
it “lists exactly match” if these two ranking lists are identical. The C-Match measures
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Metrics C-Match F-Match
Execution 9 / 289 716 / 1734
Canonical 64 / 289 1336 / 1734
Ours 178 / 289 1641 / 1734

Table 4.2: Ranking match rate between automatic evaluation metrics and human judg-
ments.

the percentage of instances where the human and automatic ranking lists exactly match.
On the other hand, the F-Match decomposes ranking lists into individual ranking pairs
and then calculates the match rate at the pair level. As shown in Table 4.2, our proposed
evaluation metric consistently achieves the highest match rate with human evaluations
at both granularities. This highlights the enhanced reliability and alignment with human
judgment of our proposal, especially when conducting evaluation in a pairwise manner
(comparing merely two models LLM1 and LLM2).

4.4 Limitations and Future Works

Fine-Grained Distinction. Although the proposed metric achieves higher alignment
with expert rankings compared to existing alternatives, it is important to note that fine-
grained distinction among LP formulations is inherently limited by the variability of human
judgments [36, 92].

In practice, different evaluators may prioritize different aspects of a formulation, such
as modeling elegance, numerical stability, structural simplicity, or solver performance. As
a result, even among domain experts, complete agreement on subtle ranking differences
is not always observed. This intrinsic subjectivity makes defining a perfectly consistent
fine-grained ground truth fundamentally challenging.

Therefore, the alignment rate should be interpreted not as an absolute upper bound on
metric quality, but rather as a relative indicator under evaluator-dependent variability.

Therefore, one promising direction for future research is to develop a learning-based
evaluation metric that leverages human preference data. Instead of relying on predefined
structural distances or execution-based comparisons, such a metric could be trained from
pairwise or listwise human rankings of LP formulations [22, 108]. By learning a preference
model over formulation graphs, the evaluation function may capture nuanced criteria that
are difficult to formalize explicitly, such as modeling clarity or structural coherence.

This approach is analogous to preference learning or reward modeling techniques used
in large language model alignment. By aggregating judgments from multiple experts and
modeling inter-evaluator variability, a learned metric may provide more fine-grained and
adaptive distinctions than rule-based metrics.
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We leave the systematic collection of human preference data and the design of such a
learning-based evaluator as an interesting direction for future work.

Reliability Evaluation A limitation of the proposed evaluation in this chapter is that it
primarily assesses single-shot accuracy and relative quality among alternative formulations
(e.g., which formulation is more human-aligned), while largely overlooking the model’s re-
liability and output variability. In practice, LLM-based formulation generation is inherently
stochastic: a model may occasionally produce an excellent formulation by chance, which can
inflate the observed score if reliability is not accounted for. This motivates a future research
direction to explore whether and how output variability could serve as a measure of model
reliability.

Variability has long been studied in the machine learning literature under the lens of
uncertainty quantification and calibration, where predictive variance and confidence miscal-
ibration are well-known phenomena [72]. Classical approaches such as Monte Carlo dropout
[59] or ensemble-based uncertainty estimation [96] aim to approximate predictive uncer-
tainty for point-prediction models.

However, large language models introduce additional dimensions of variability beyond
traditional predictive variance. Unlike conventional classifiers, LLMs generate structured
outputs in natural language. Variability may arise not only from differences in final an-
swers, but also from alternative surface expressions of the same answer, different reasoning
trajectories, or distinct intermediate solution paths. These forms of variation are often mea-
surable and, to some extent, controllable through training pipelines such as supervised fine-
tuning or preference-based optimization (e.g., RLHF/DPO), which reshape the distribution
of generated outputs.

More challenging, however, is a deeper source of variability that is difficult to disen-
tangle: whether the input query is merely phrased in an unfamiliar way that “surprises”
the model, or whether it genuinely lies outside the model’s effective knowledge boundary.
Existing uncertainty estimation techniques primarily capture output dispersion but do not
reliably distinguish between these two causes. From a reliability perspective, the latter—
knowledge boundary violation—is arguably the more meaningful notion of model confidence.
Developing principled methods to identify when a query falls outside the model’s knowledge
coverage remains an open and challenging research direction.

Difficulty-Aware Evaluation. A limitation of the current study is that the benchmark
mainly consists of relatively simple, textbook-style LP problems, where full formulations
with numerical coefficients are explicitly specified. While such instances provide a clean
evaluation setting, they do not fully capture the spectrum of modeling complexity encoun-
tered in practice. As discussed in the survey [53], OR problems can be broadly categorized
into multiple levels: textbook-level LP problems, where complete formulations with explicit
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numerical coefficients are provided, and higher-level modeling tasks that involve abstract
reasoning, implicit assumption inference, or parameterized symbolic formulations.

This observation raises the broader question of how “difficulty” should be defined for
LLM-based modeling. Rather than being a single scalar notion, difficulty may be inherently
multi-dimensional. Beyond the abstraction level of the problem statement, it may depend
on (i) the degree of implicit modeling assumptions and external knowledge required—i.e.,
how much domain knowledge is necessary but not explicitly specified in the prompt to con-
struct a valid model—and (ii) the minimum reasoning complexity needed to derive the final
formulation, such as the number of essential inference steps (or sub-decisions) required to
define variables, objectives, and constraints. Developing a difficulty-aware capability profil-
ing benchmark along these dimensions is an interesting direction for future research.

4.5 Conclusion

In this chapter, we have addressed a critical challenge in the evaluation of the Natural Lan-
guage to Linear Program (NL2LP) task: the lack of metrics that faithfully reflect expert-
level, human-aligned judgment. While existing metrics—Canonical Accuracy and Execution
Accuracy—offer computationally tractable evaluation, we demonstrated through concrete
counterexamples that they suffer from structural brittleness and functional insensitivity, re-
spectively. These shortcomings can lead to misleading performance assessments, particularly
when evaluating large language models (LLMs) in optimization-aware applications.

To bridge this gap, we proposed a graph-based evaluation metric grounded in graph
edit distance (GED). By first converting LPs into a permutation-invariant bipartite graph
representation and then measuring the normalized GED between predicted and reference
graphs, our metric directly reflects the number and severity of semantic modeling errors.
Experiments on the NL4OPT dataset with four Llama-based models showed that our metric
not only produces sensible aggregate rankings but also achieves substantially higher agree-
ment with expert rankings at both coarse-grained and fine-grained levels, indicating a closer
alignment with human judgment. Moreover, our proposed metric provides interpretable di-
agnostic signals: high scores naturally point to where and how a predicted formulation
diverges from the reference (e.g., omitted constraints, misassigned coefficients), offering ac-
tionable feedback for model refinement.

Looking ahead, our evaluation framework can be further improved in the future. First,
the graph-based framework could be extended beyond pure LPs to mixed-integer and non-
linear programs, enabling human-aligned evaluation for a broader class of optimization
models. Second, approximate GED algorithms could be leveraged to scale evaluation to
larger, real-world instances without sacrificing too much fidelity. Third, the metric could
be refined by incorporating additional semantic information about the two programs, for
example, by comparing the natural-language explanations of their constraints or objectives.
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Meanwhile, our proposed metric can further boost the LLM field. By providing structured,
expert-auditable signals, our metric can serve as a foundation for more trustworthy NL2LP
benchmarks and for feedback-driven training schemes, ultimately guiding the development
of LLMs that are not only syntactically competent but also mathematically reliable.

This chapter completes the “ML enhances OR” part of the thesis by focusing on how to
evaluate LP formulations generated from natural language in a way that aligns with expert
judgment, thereby strengthening the modeling stage of the optimization pipeline. In the
next chapter, we turn to the complementary perspective, where OR enhances ML: we treat
LLM serving systems themselves as the objects of optimization and study how ideas from
OR can be used to enhance LLM serving on NPU clusters.
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Chapter 5

Joint Design of Algorithms and
Systems for Multi-SLO Serving
and Fast Scaling

Modern large language model (LLM) serving systems have become increasingly critical for
a wide range of applications, from interactive chatbots to large-scale document summariza-
tion [69, 178, 2]. These applications often involve requests with highly variable input and
output lengths, as well as diverse service-level objectives (SLOs) for latency requirements.
As illustrated in Figure 5.1, real-time chat applications require very low latency to ensure a
responsive user experience, whereas batch generation tasks, such as document summariza-
tion, can tolerate longer startup times but demand higher throughput. This heterogeneity
motivates the design of serving systems and scheduling algorithms capable of handling di-
verse workloads while balancing the needs of latency-sensitive and latency-tolerant requests
and optimizing resource efficiency.

5.1 Background and Problem Definition

LLMs & LLM Service Large Language Models (LLMs) are deep neural networks trained
on massive text corpora to perform diverse natural language processing tasks, including text
generation, summarization, and question answering. Examples include Alibaba’s Qwen [10]

Figure 5.1: Diverse LLM application scenarios with varying lengths, latency requirements,
and load intensity.
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and Meta’s LLaMA [149], representing state-of-the-art open-source models widely used in
research and industry. LLM inference, where a single instance executing the LLM to serve
a single request, typically consists of two computationally distinct phases:

1. Prefill phase: Generates the first token using full-sequence attention. This phase is
latency-sensitive and compute-intensive.

2. Decode phase: Generates subsequent tokens incrementally using cached key–value
states. This phase is throughput-oriented and benefits from batching and sparsity
techniques [94].

An LLM service follows a client–server architecture: clients submit text requests, and a
cluster host one or more serving instances on accelerators (e.g., GPUs or NPUs). Multiple
requests may concurrently arrive at the same server, and the service typically groups them
into batches for prefill or decode execution to improve hardware efficiency.

The latency of such prefill and decode batches can be analytically modeled. Dist-
Serve [177] models prefill latency with a quadratic regression in Appendix A.2 of this
paper, but both our NPU profiling and DistServe’s released implementation show that
the quadratic term is consistently negligible. This is because the typical prompt length
of current benchmark is around 2k tokens, which lies within the locally linear operating
region of the latency curve. In this regime, the system is primarily memory-bound rather
than compute-bound, and device throughput remains stable. Intuitively, the prefill stage
is dominated by dense matrix multiplications that are highly parallelizable. As long as
hardware resources are not saturated, the computational cost scales approximately propor-
tionally with the number of prompt tokens. Consequently, the quadratic coefficient reported
in prior work has minimal practical impact in our operating range.

To keep our subsequent design simple and consistent, we therefore adopt linear per-
formance models for both stages. For a prefill batch containing ntoken prompt tokens, we
approximate

Ep = a + b ntoken. (5.1)

Similarly, following the linear formulation used in DistServe [177] (Appendix A.3), we
model the per-iteration decode latency as

Ed = a′ + b′
1 ntoken + b′

2 B, (5.2)

where ntoken denotes the total number of active tokens (including both prefilled and decoded
tokens) in the current decode step, i.e., the accumulated KV-cache length for the batch,
and B is the batch size.
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Figure 5.2: The LLM serving system could be deployed in colocated or disaggregated exe-
cution modes.

Multi-SLO serving. Many real-world applications impose heterogeneous latency re-
quirements across requests. Users may specify two key latency-related service-level objec-
tives (SLOs):

1. Time-to-First-Token (TTFT): The maximum allowed latency before receiving the
first output token.

2. Time-per-Output-Token (TPOT): The maximum allowed average latency per gener-
ated token.

Serving such multi-SLO workloads is challenging because actions that optimize one metric
can easily hurt another. Without explicit multi-SLO awareness, a system may over-provision
resources for low-priority requests or starve latency-critical ones, leading to degraded user
experience or inefficient accelerator utilization [94, 171, 29].

Colocated vs. Disaggregated Execution Modes As shown in Figure 5.2, LLM serving
systems can adopt either colocated or disaggregated execution modes, each with distinct
trade-offs.

In colocated mode [94], prefill and decode run on the same devices, avoiding inter-node
communication and achieving low per-request latency. However, colocated deployments can
suffer from interference: prefill-heavy requests may repeatedly preempt ongoing decoding,
pushing TPOT beyond its SLO. Hardware utilization can remain suboptimal because the
prefill–decode resource ratio is not controllable nor SLO-aware, and the system suffers from
fragmented execution, frequent context switches, and even GPU–CPU memory swaps. De-
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spite this under-utilization, users may still experience unsatisfactory quality of service due
to TPOT violations.

Disaggregated mode [177] separates prefill and decode onto different nodes or device
pools, enabling independent scaling and improving cluster-level resource utilization. This
separation also provides greater flexibility and cost efficiency for large-scale deployments.
However, it introduces communication overhead: KV caches must be transferred from pre-
fill to decode instances before token generation begins. For latency-sensitive requests, this
additional transfer can violate strict SLOs. Furthermore, naive dispatching in disaggre-
gated clusters can cause unpredictable queuing and contention, leading to SLO violations
in production environments.

Recent analysis shows that the relative advantage of aggregation versus disaggregation
depends strongly on the strictness of TTFT and TPOT requirements, with neither mode
consistently outperforming the other across all settings [154]. Overall, neither mode univer-
sally dominates. Both approaches are adopted across open-source and commercial systems,
and practical LLM serving designs should remain compatible with colocated and disaggre-
gated execution to support diverse deployment environments.

Ascend NPU Ascend Neural Processing Units (NPUs) are domain-specific accelerators
designed for large-scale matrix and tensor operations common in deep learning, often deliv-
ering higher performance and energy efficiency than general-purpose CPUs or GPUs [105].
Built on the Da Vinci architecture [106], each AI core integrates a cube tensor engine,
vector unit, and scalar unit, all optimized for neural network computation—unlike GPUs,
which were originally crafted for graphics and then adapted for general compute. The ac-
companying CANN software stack [182] supports popular ML frameworks (e.g., MindSpore,
PyTorch) and compiles workloads into optimized operator graphs for the hardware. Ascend
NPUs can be deployed either in standalone servers or as part of large-scale clusters, such as
the CloudMatrix platform, which provides high interconnect speed and bandwidth [84, 179].
As ASIC-based specialized accelerators, NPUs generally offer advantages over GPUs in
terms of hardware cost and energy efficiency, potentially leading to lower total cost of own-
ership in production deployments. However, these intrinsic hardware benefits are orthogonal
to our contributions and are not explicitly reflected in our results. Although our evaluation
is conducted on NPUs, the proposed scheduling framework is architecture-agnostic and can
be applied to both NPUs and GPUs, as it operates at the system level and does not rely
on device-specific microarchitectural features.

5.1.1 Challenges

Multi-SLO Scheduling Challenges To handle increasing load, large-scale LLM serving
systems are deployed across clusters of multiple instances. However, simply placing a stan-
dard load balancer (e.g., Round-Robin or Least-Connections) is insufficient for SLO-aware
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serving. This naive approach fails to address the state-dependent nature of LLM serving
and lacks the mechanisms to prioritize requests based on their remaining SLO budget.

Another way to serve multi-SLO requests is by dedicating instances to different request
types or latency classes. While this avoids interference across classes, it introduces several
new issues: (1) resource under-utilization, as some instances may remain lightly loaded
while others accumulate long queues; (2) operational inflexibility, the deployment must
be reconfigured when new latency classes are introduced; and (3) increased provisioning
cost, since maintaining separate capacity for every request class results in over-provisioning
during low-demand periods. Furthermore, this static separation does not solve the core
problem: within a single instance, request urgency changes over time, and the scheduler
must continuously decide.

A second challenge arises from the nature of batching. Continuous batching improves
local device throughput, but its view is strictly local. Scheduler within each instance treats
the stream of incoming requests as fixed; it can only decide how to batch what it receives,
not which requests it should receive in the first place. It lacks the global context required to
make trade-offs between multiple instances. For example, a latency-sensitive request may
be queued behind long-context requests on one instance, even though another instance in
the cluster has available compute capacity. Without a global scheduler that understands
the current queue depth, memory fragmentation, and request types across all instances, the
cluster suffers from Head-of-Line (HOL) blocking, where high-priority requests get stuck
behind long-running ones on a selected instance.

Elastic Scaling Challenges LLM workloads exhibit significant variability in request
rate, lengths, priorities, and latency SLOs. In large-scale cloud deployments, clusters must
handle dynamic request patterns and fluctuating workloads. Therefore, the challenges of
multi-instance scheduling are compounded by the need for elastic scaling.

Cold-Start Penalty: Scaling is not instantaneous. New instances incur significant delays
because the newly provisioned instances need to instantiate the inference engine and load
model weights from storage.

Cost vs. SLO Attainment Tradeoff: Scaling decisions must balance the risk of SLO
violations against the cost of idle resources. Over-provisioning masks scheduling inefficiencies
but increases operational costs. Conversely, conservative scaling reactions risk violating
latency-critical SLOs. A robust system must jointly address micro-level scheduling (routing
requests to the best instance) with macro-level scaling (detecting when current instances
will no longer suffice).

Existing LLM serving systems do not fully address the operational complexities of large-
scale cloud environments. Their reliance on naive round-robin dispatching and static scal-
ing fails to account for dynamic queuing, multi-stage execution, and heterogeneous SLOs,
leading to unpredictable latency, inefficient utilization, and higher operational costs. These
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limitations motivate the design of HyperFlexis, a unified LLM serving system for production-
scale deployments.

5.1.2 Problem Definition

In this section, we first define the multi-SLO serving scenario and the SLO-aware scheduling
problem. Because the scheduling dynamics are highly event-driven and difficult to capture
in a clean mathematical program, we then identify core principles that guide the system
and algorithm designs.

The serving system receives a continuous stream of requests R = {r1, r2, . . . , rm, . . . }.
Each request rm arrives at certain timestamp and specifies its prompt, maximum output
length, and heterogeneous SLOs, including TTFT and TPOT. Meanwhile, the system should
support elastic scaling, adding instances on demand up to a maximum of N , constrained
by available resources.

At every event boundary, either a new request arrival or the completion of a prefill or
decode iteration by any instance, the scheduler should make two types of decision: (i) dis-
patching: whether and how to assign pending requests to instances, and (ii) scaling: whether
to scale out or scale in, and which instances to deactivate when scaling in. These decisions
must balance two conflicting objectives: minimizing infrastructure cost while maximizing
user satisfaction. Specifically, infrastructure cost is given by

Cost =
N∑

n=1
(active time of instance n) ·UnitCost, (5.3)

where UnitCost denotes the rental price per-second for an NPU instance. Meanwhile, user
satisfaction is measured by SLO attainment, defined as the fraction of requests that meet
both the TTFT and TPOT requirements:

Attainment = 1
M

M∑
m=1

ITTFT(rm) ITPOT(rm). (5.4)

Apart from SLO attainment, end-to-end (E2E) completion time for a request rm provides
a complementary view of user-perceived latency, defined as E2E(rm) = Tcomplete(rm) −
Tarrival(rm).

As discussed in Section 5.1.1, cost and satisfaction metrics reveal an inherent tradeoff. An
effective scheduler must navigate this tension by admitting requests only when their SLOs
can be met while avoiding unnecessary instance activity. Although this problem resembles a
constrained scheduling and allocation task, a full end-to-end optimization is not tractable in
practice. Several factors drive this complexity. First, decisions are event-driven—triggered
by request arrivals, completions, or the completion of an instance’s iteration—rather than
occurring on a fixed rolling horizon [151], resulting in an irregular decision timeline. Second,
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it is difficult to accommodate future uncertainty, as output lengths are unknown at arrival
and workload arrivals follow highly stochastic patterns. Third, batching forms a circular
dependency: given the current queue delays and SLO requirements, the scheduler chooses a
batch size; this batch size determines the per-iteration latency, which then feeds back into
future queue delays. This closed feedback loop has no simple analytic form.

These challenges make an explicit formulation infeasible. We therefore distill a set of
core guiding principles to drive both the algorithmic and system design: (1) At micro-
level dispatching, the system prioritizes protecting in-flight SLOs, ensuring that admitted
tasks can continue progressing toward their SLO requirements before any additional load is
accepted. Meanwhile, new requests are admitted greedily, whenever it is safe, to maximize
hardware utilization and thereby reduce cost. (2) At macro-level scaling, Elastic scaling
serves as a fallback when no safe placement exists, enabling the system to adjust resources
dynamically while preserving SLO compliance. These principles are instantiated naturally
in both colocated and disaggregated deployment modes, providing a practical framework
for building an SLO-aware serving system that balances user satisfaction and cost efficiency
in dynamic workloads.

5.2 System and Algorithm designs of HyperFlexis

Assumptions To make the scheduling problem analytically tractable while retaining
practical relevance, we adopt the following assumptions.

1. Homogeneous NPU Devices. All NPUs are assumed to be homogeneous in terms of
computational throughput, memory capacity, and interconnect bandwidth. This al-
lows the scheduler to treat devices as interchangeable resources and focus on work-
load allocation decisions without device-specific optimization. Extending the proposed
scheduler to heterogeneous accelerator clusters is an interesting and practically rele-
vant direction for future research [135, 172].

2. Restricted Preemption. Full migration of active decoding requests across devices is
not considered [173]. Instead, we allow two restricted forms of preemption, where pre-
fill computation may preempt decoding computation: (i) compute-only preemption,
where compute resources are reallocated while KV states remain in place; and (ii)
KV offloading preemption, where KV cache may be temporarily offloaded to host
memory. Cross-device state migration is excluded due to its substantial transfer over-
head and implementation complexity. We disable migration-based preemption to keep
the problem definition simple and focused on core scheduling dynamics. Accordingly,
migration decisions are not incorporated into the current model. Extending the sched-
uler to jointly optimize migration and preemption is an interesting direction for future
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Figure 5.3: Overview of HyperFlexis’s LLM serving architecture.

work, as it would enable additional system capabilities such as workload consolidation
and memory defragmentation.

3. Fast Autoscaling. We assume the availability of a fast autoscaling mechanism, which
is implemented in our system, such that scaling operates at a timescale faster than
workload fluctuations. This prevents transient capacity shortages that would otherwise
lead to SLO violations regardless of the scheduling policy. Under this assumption, we
can focus on short-term scheduling decisions without conflating them with long-term
capacity provisioning effects.

4. Latency Estimation via Profiling. The execution latency of each scheduling step is
assumed to be approximated by an offline profiled performance function that maps
batch size and sequence length to step latency. This abstraction enables analytical
reasoning without modeling low-level hardware execution details.

Architecture As shown in Figure 5.3, HyperFlexis comprises five primary components:
the Dispatcher, Scaler, Monitor, TransferLink Manager (TLManager), and Migrator. The
Dispatcher handles request scheduling, while the Scaler adjusts the number of active in-
stances in response to demand. Both components rely on runtime statistics collected by the
Monitor to guide their decisions. In PD-disaggregated mode, the Migrator forwards prefilled
requests to decode instances, and the TLManager maintains the instance-linking topology
that must be pre-established for KV-cache transfers.
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Next, we describe how the macro- and micro-level principles are instantiated in these
components. Specifically, the micro-level dispatching principle is embodied in the logic of the
Dispatcher modules under both execution modes and in the Migrator for PD-disaggregated
mode, while the macro-level scaling principle is realized by the Scaler.

5.2.1 SLO-Aware Dispatching Mechanism

Our scheduling policy follows a strict priority order: we first protect in-flight requests on
each instance so they can meet their SLOs, and only then admit new arrivals—dispatching
urgent ones immediately whenever this safety condition is satisfied. Admitting a new request
can interfere with ongoing executions by contending for compute or memory bandwidth,
increasing latency and risking deadline violations. To prevent such interference, we introduce
the notion of maturity time, which marks when an instance has progressed far enough on its
current workload to safely absorb additional demand. Before this point, adding new requests
could jeopardize existing SLOs; after it, the instance can accommodate extra load without
harmful slowdowns. The dispatcher tracks each instance’s maturity time and admits new
requests only when the corresponding safety condition is met, thereby preserving SLOs
while still starting urgent work as early as possible. When no instance is currently safe
to admit more load, requests are held in the queue and deferred until scaling provisions
additional capacity, meaning that scaling acts as the fallback mechanism.

We next introduce our dispatching logic at high level. This logic is shared by the Dis-
patcher in both execution modes and by the Migrator in the PD-disaggregated mode. At a
high level, the dispatcher repeatedly performs the following steps in a coroutine, illustrated
in Figure 5.4 (a).

1. Select the instance with the closest maturity time—the earliest future point at which
admitting new requests will not jeopardize the SLOs of its in-flight batch.

2. Compute the instance’s current safe token budget.

3. Scan the global request queue and select the most urgent requests that fit within this
budget.

4. Dispatch these requests and update the instance’s next maturity time according to
the newly predicted workload.

In the following, we tailor the control policy to the colocated and disaggregated deploy-
ment modes, which exhibit distinct interference patterns: in colocated mode, new prefill
work directly contends with ongoing decodes, creating cross-stage interference; in disag-
gregated mode, the stages are isolated and interference occurs within each stage, as new
arrivals are added to the next batch, making it larger and slower for all requests in that
batch.
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Figure 5.4: The high-level algorithm steps instantiated from the micro-level dispatching and
macro-level scaling principles.

Colocated Mode In PD-colocated deployment mode, prefill and decode share the same
devices. This coupling creates a critical challenge: a newly arriving request triggers a prefill
phase that can immediately interfere with ongoing decode work, elongating its token gener-
ation latency and violating TPOT targets. The dispatcher’s primary responsibility in this
mode is therefore to protect ongoing decode requests from such interference, while admitting
urgent new requests before violating their TTFTs.

To achieve this, the dispatcher maintains centralized visibility of all instances and regu-
lates when each instance may accept new prefills by computing a maturity time. Determining
this maturity time requires estimating how many new requests an instance can safely ac-
commodate. We capture this with a token budget, which represents the maximum amount
of prefill-induced interference the instance can absorb while still keeping all ongoing decode
requests within their TPOT targets. Intuitively, this budget reflects the slack accumulated
through previous decode progress and the ability to amortize small early interruptions
over the upcoming uninterrupted decode window before maturity. Once the token budget is
known, the dispatcher can determine how many—and which—new requests can be admitted
without violating SLO constraints.

Specifically, in Step 2, the token budget determines the maximum number of additional
prefill tokens an instance can absorb without violating SLOs. This budget is derived from the
instance’s instantaneous state, specifically the waiting time until maturity and the TTFT
requirement. This waiting time—computed in Step 4 of the previous iteration—comprises
up to two components: the remaining time to complete the current prefill iteration (Rp,
nonzero if the instance is still in the prefill stage), and the remaining uninterrupted decode
window (Rd) required to ensure in-flight decode requests meet their TPOT constraints. If the
candidate batch is with nbudget prompt tokens, the estimated prefill latency is Ep(nbudget) =
a + b nbudget. The TTFT constraint requires Rp + Rd + Ep(nbudget) ≤ TTFT. Solving for
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nbudget yields the instance’s safe token budget:

nbudget ≤
TTFT−Rp −Rd − a

b
. (5.5)

In Step 3, the dispatcher scans the global request queue and admits the most urgent
requests whose total prompt tokens do not exceed the token budget. This yields the actual
prefill batch for the instance, with a total of nactual tokens.

In Step 4, launching the batch incurs prefill latency Ep(nactual), which interrupts de-
coding. Any accumulated decode slack Sacc—time saved from prior decode iterations run-
ning faster than TPOT—can offset this interference. The net delay to amortize is thus
max{0, Ep(nactual)− Sacc}. To preserve TPOT, the instance must execute enough uninter-
rupted decode iterations to absorb this residual delay. With per-iteration decode latency
Ed, the slack per iteration is TPOT− Ed, yielding the required number of iterations:

k =
⌈max{0, Ep(nactual)− Sacc}

TPOT− Ed

⌉
. (5.6)

The instance’s new maturity time is then

T new
mat = tnow + Ep(nactual) + k · Ed , (5.7)

after which it becomes eligible for new requests.

Disaggregated Mode In the PD-disaggregated deployment mode, prefill and decode run
on separate instance pools, so the high-level algorithm from Figure 5.4 (a) is instantiated
twice: once by the Dispatcher for the P stage and once by the Migrator for the D stage. Both
components follow the same four-step structure, with only Step 2 and Step 4 differing from
the colocated mode due to a different interference model. We therefore focus on explaining
these two steps for each stage.

P-stage Dispatcher. Prefill batches are non-interruptible under static batching. Con-
sequently, the Dispatcher uses a simplified maturity definition: an instance becomes mature
only when its current prefill batch completes. The different steps are:

• Step 2 (token budget). Starting from an empty instance, its safe token budget is
determined solely by the strictest TTFT in the priority-ordered request queue. The
intuition is that lower-priority requests have looser TTFT requirements, so satisfying
the strictest TTFT automatically ensures that remaining requests meet their TTFT
constraints.

• Step 4 (maturity time). After dispatching a new batch, the instance’s next maturity
time is set to the estimated completion time of this prefill batch, since it cannot be
interrupted mid-way.
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Algorithm 2: SLO-aware Dispatcher for Colocated Mode
1 Attribute Request Priority Queue QR: requests ordered by urgency (TTFT target,

and then TPOT target).
2 Attribute Instance Priority Queue QW : instances ordered by maturity time.
3 Function OnRequestArrive(request r):
4 Insert r into QR according to priority;
5 Function Init():
6 Start Dispatcher() as a coroutine in the event loop;
7 Function Dispatcher():
8 while True do

// Step 1: Select instance with earliest maturity time
9 w ← QW .pop() Synchronize the state of instance w (time until mature,

in-flight decode requests, accumulated slack Sacc, etc.);
// Step 2: Compute safe token budget

10 Rp ← remaining prefill time if w is in prefill; else 0;
11 Rd ← remaining uninterrupted decode window needed to meet TPOT;
12 nbudget ← token budget per Eq. (5.5) using (w, Rp, Rd), capped by w’s

free-token memory capacity;
// Step 3: Select requests within token budget

13 R ← ∅;
14 for request r ∈ QR in priority order do
15 if tokens(r) + tokens(R) ≤ nbudget then
16 Add r to R;

// Step 4: Dispatch and update maturity time
17 if R ̸= ∅ then
18 nactual ← tokens(R);
19 k ← computed from Eq. (5.6) with (w, nactual, Sacc);
20 w.mature_time← computed from Eq. (5.7) with (now, w, nactual, k);
21 Dispatch R to w;
22 QW .push(w);
23 await until next instance matures;
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D-stage Migrator. Under continuous batching, decode progress is iterative, and each
iteration boundary provides a natural decision point, enabling fine-grained control. The
Migrator makes the dispatching decision. The different steps are:

• Step 2 (token budget). The safe token budget depends primarily on the state of the
decoding instance. When the instance already has an active decode batch, its effective
TPOT constraint is determined by the strictest TPOT among the in-flight requests,
and the budget is computed to ensure that admitting additional tokens will not violate
this constraint. If the instance is temporarily idle, it instead uses the strictest TPOT
from the priority-ordered queue of prefilled requests to determine its token budget.

• Step 4 (maturity time). After dispatching, maturity is updated to the end of the next
decoding iteration, enabling a decision at every iteration boundary.

Simple strategies such as round-robin or dispatching to the least-loaded instance do
not consider instance states or request-level SLO requirements, and therefore may admit
requests even when the resulting latency cannot meet SLO constraints. In contrast, our
dispatching logic is SLO-aware and avoids these limitations.

5.2.2 Scaling Mechanism

Dynamic scaling is essential for maintaining TTFT/TPOT attainment under fluctuating
load. Insufficient resources lead to queueing delays and propagated SLO violations, whereas
excessive provisioning increases cost. This section presents our design of algorithmic and
system-level designs that enable responsive and cost-efficient scaling. The algorithm de-
termines when and how to resize prefill and decode capacity, and the system mechanisms
ensure that scaling decisions can be executed quickly and reliably.

Algorithmic Design At a high level, the scaling logic follows the abstract procedure
shown in Figure 5.4 (b). Every τ seconds, the Scaler inspects the state of the global request
queue and the state of all active instances, and derives three indicators to assist scaling
decision.

The first indicator captures system load over a long (i.e., 10 s) time horizon. The Scaler
maintains a fixed time window W = 10 s of enqueue and dequeue timestamps from the
global request queue to derive smoothed arrival and completion rates, λin and λout. To
avoid spurious scaling actions during startup or when only a small number of events are
available, the Scaler suppresses rate estimates until the window contains sufficient samples.
The rate-based load estimator is then defined as

f1 = λout
λin

,
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where f1 < 1 indicates that completions lag behind arrivals (pressure to scale out), and
f1 > 1 indicates that processing capacity exceeds demand. This signal captures load over a
longer time horizon.

Second, we use a complementary SLO-aware system load indicator that reacts more
quickly to short-term fluctuations. The Scaler examines the current request queue and
computes the normalized waiting time of each pending request relative to its SLO target.
The instantaneous SLO pressure is defined as

f2 = 1
N

∑
r∈queue

waiting_time(r)
SLOr

,

where N is the number of queued requests. Larger values of f2 indicate more urgents requests
in queue and increasing risk of SLO violations.

The third indicator captures the memory load of each instance. For every instance n,
the Scaler maintains a coarse utilization estimate based on its KV-cache usage:

f3 = used_blocksn

total_blocksn
,

where used_blocksn accounts for KV-cache blocks held by in-flight requests and those re-
served for pending requests in the instance’s local queue.

These three indicators drive a threshold-based scaling policy. f1 serves as the primary
rate signal: when f1 < ϵout, the system interprets sustained overload and activates an
additional instance. Conversely, when f1 > ϵin, and more than one instance is active, the
Scaler scales in by selecting the instance with the smallest f3, as it carries the least KV-
cache commitment. Meanwhile, the SLO-aware signal f2 provides fast reaction to bursts:
if f2 > ϵwait, the system proactively scales out even when f1 remains moderate, in order
to satisfy user SLOs under short-term fluctuations. For these three hyper-parameters, by
default, we use a smoothing window of W = 10 s, a rate-based threshold pair of ϵout = 0.7
and ϵin = 1.1, and an SLO safeguard threshold of ϵwait = 1

4 (i.e., 1
4 of the SLO target).

In PD-disaggregated mode, prefill and decode stages experience different workload pat-
terns, so the Scaler evaluates the load of each stage independently. As a result, the two
instance pools may diverge in demand—for example, the prefill pool may scale in while
the decode pool scales out—a situation that does not arise in the colocated case. Naively
terminating and relaunching instances in such scenarios would introduce unnecessary churn.
Instead, the Scaler makes a role switching decision, for example, a prefill instance can be
switched into a decode instance by reassigning its NPU resources to the decode pool.

System Design We design the system to support fast scale-out, enabling new instances
to be instantiated with minimal cold-start latency.
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Each NPU server maintains a warm-up pool of lightweight instances that initialize the
runtime but defer model weight loading. Every instance embeds a WeightManager that
tracks the device memory layout of model weights, enabling any running instance to serve
as a source for weight transfer. During scale-out, the Scaler selects one running instance as
the source, and triggers device-to-device send_weight/receive_weight operations. Tensors
are transferred in a device-aligned manner, and the target instance joins the running pool
immediately after transfer completion. If the transfer fails, the system falls back to disk
loading to preserve correctness. This design bypasses the disk-loading path and substantially
reduces cold-start latency.

For PD-disaggregated mode, the TLManager manages the communication-group topol-
ogy required for enabling KV-cache transfer between prefill and decode instances. As part
of the role-switch mechanism, when the Scaler reassigns an instance from prefill to decode
(or vice versa), the TLManager proactively establishes the necessary link groups before the
instance begins serving. This ensures that any subsequent KV-cache movement can proceed
without waiting for on-demand connectivity setup, allowing the newly activated instance to
take traffic immediately. In contrast, prior systems such as Mooncake [130] construct these
communication links only at the moment a prefilled request needs its KV-cache forwarded
to a decode instance, incurring additional delay.

5.3 Experimental Setup

We evaluate HyperFlexis on different models, realistic hardware constraints, and represen-
tative multi-SLO workloads. Unless otherwise noted, all methods are tested under identical
hardware, software, and workload configurations to ensure a fair comparison. Each experi-
ment is repeated three times, with the mean shown as a point and the standard deviation
represented as error bars in the plots.

Environment. We conducted all experiments on a cluster of four servers. Each server is
equipped with eight Ascend NPUs [105], each providing 64 GB of memory. Additionally,
each server contains four HiSilicon Kunpeng-920 CPUs [161], with 48 cores per CPU (192
cores in total), running in 64-bit ARMv8-A mode (aarch64). Our implementation is built
upon PyTorch 2.1.0 [9] with the Ascend backend, Python 3.9.9, CANN 7.6 [104], and vLLM-
Ascend [152].

Serving Models. We evaluate our system using three representative open-source LLMs:
Qwen7B, Qwen32B [10], and LLaMA70B [149]. These models span a wide range of de-
ployment scales, from lightweight setups to large-scale deployments. All experiments are
conducted with FP16 precision, the standard configuration for inference serving as it bal-
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Task SLO (s) Lengths

TTFT TPOT Input Output
medical_qa [37] 0.7 0.5 32.57 ± 10.32 38.92 ± 16.83
tldr_content_gen [174] 1 0.7 44.38 ± 6.58 96.04 ± 35.03
tldr_headline_gen [174] 2 0.9 121.82 ± 35.04 13.59 ± 6.55
wikisql [174] 20 1 643.22 ± 337.01 27.82 ± 4.84
gsm8k [35] 0.7 0.2 51.44 ± 15.78 90.13 ± 26.73
sharegpt[175] 2 0.5 259.19 ± 324.88 207.79 ± 234.99

Table 5.1: Summary statistics of the benchmark tasks. The first four tasks form
the 4-task multi-SLO set, and the last two form the 2-task set. Input/output lengths are
reported as mean ± standard deviation over 300 requests.

ances efficiency and accuracy. We employ tensor parallelism (TP) [143] to distribute weights
across devices, using TP=1 for Qwen7B, TP=2 for Qwen32B, and TP=8 for LLaMA70B.

Benchmark Workloads and Datasets. By default, we evaluate on multi-task scenar-
ios with multiple SLO requirements. We use two distinct multi-SLO task sets. The first
set contains four diverse tasks with heterogeneous SLO requirements, summarized in Ta-
ble 5.1. This set includes: (1) the medical_qa dataset [37]; (2) the tldr_content_gen and
tldr_headline_gen datasets [174]; and (3) the wikisql dataset [174, 176]. The second
set comprises two tasks: gsm8k [35], and sharegpt [175], which capture high-complexity
reasoning and conversational workloads. We draw 300 samples per task. Requests for each
task follow a Poisson arrival distribution. A fixed random seed ensures reproducibility.

Baselines. We compare HyperFlexis to following baseline scheduling approaches.
(1) RR under the Llumnix framework [173]. The open-source Llumnix runtime adopts

a default Round Robin (RR) dispatcher to distribute requests across instances, thereby en-
abling multi-instance serving—i.e., multiple model instances collectively handling incoming
requests. This baseline provides simple load balancing but is completely SLO-agnostic.

(2) Simulated Annealing (SA) [79] is a stochastic single-instance scheduler designed
for multi-SLO workloads. SA operates on an instance’s local queue and uses simulated
annealing to rearrange request ordering and batch formation, aiming to maximize SLO
attainment while minimizing average end-to-end latency. However, the algorithm operates
only on a single queue within a single instance. In our experiment, we extend it to multi-
instance serving by adding an external load balancer (e.g., RR) to distribute requests across
instances, after which each instance independently applies SA to its own local queue.

(3) SCORPIO [147] is another single-instance multi-SLO scheduler. Given an instance’s
current load, SCORPIO predicts whether admitting a request would cause either its own
SLO or the SLOs of existing requests in the batch schedule to be violated. Requests that
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Method Multi-instance Multi-SLO Scaling Disagg.

RR (in Llumnix) ✓ ✗ (SLO-agnostic) ✗ ✓

SA ✗ (if using RR, ✓) ✓ ✗ ✗

SCORPIO ✗ (if using RR, ✓) ✓ ✗ ✗

Aladdin ✓ ✗ (single-SLO) ✓ ✗

HyperFlexis (ours) ✓ ✓ ✓ ✓

Table 5.2: Comparison of baselines across multi-instance support, multi-SLO capability,
scaling, and compatibility with disaggregated deployment mode (denoted by “disagg.”).

cannot satisfy their SLOs under any feasible schedule are proactively rejected. Like SA,
SCORPIO provides no native multi-instance coordination. Similarly, we extend it via an
external RR dispatcher.

(4) Aladdin [118] is a cluster-level scheduler that jointly handles request placement and
resource scaling. It models scheduling as a two-dimensional bin-packing problem, where each
bin is subject to two constraints: a memory capacity determined by the instance’s memory
budget, and a time capacity that enforces SLO-compliant latency. Because the time-side
capacity must remain a fixed constant for the packing formulation to hold, Aladdin is
limited to single-SLO scenarios in which all requests share the same SLO target. Aladdin
adopts a heuristic bin-packing routine that packs as many requests as possible into each bin
while satisfying both memory and latency constraints. Compared with SA and SCORPIO,
Aladdin naturally supports multi-instance operation and cluster-level scaling decisions.

Our HyperFlexis provides full support for features summarized in Table 5.2. In par-
ticular, it elastically scales the number of active instances and is compatible with both
disaggregated and co-located deployment modes, offering a broader applicability than prior
baselines. We use HyperFlexis to denote our SLO-aware dispatching, and HyperFlexis-
Scaling to denote SLO-aware dispatching with scaling.

Metrics. We evaluate performance using three metrics (Section 5.1.2): (1) SLO attain-
ment, the fraction of requests meeting both TTFT and TPOT; (2) End-to-end latency,
defined as the time from request arrival to completion, reported as the mean over all re-
quests; (3) Resource cost (Equation 5.3), measured as cumulative active instance-time
(one unit = one instance active for 50 ms), enabling fair comparison between methods with
and without scaling.

5.4 Performance Evaluation

5.4.1 Performance under PD Colocated Mode

Figure 5.5 compares the performance of HyperFlexis against RR and SCORPIO. The top
row reports SLO attainment. On the 2-task benchmark, SLO-aware dispatching enables
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Figure 5.5: Multi-task performance on 2-task and 4-task workloads. Metrics include
SLO attainment (top row, higher is better), end-to-end latency (middle row, lower is better),
and cost (bottom row, lower is better) for HyperFlexis, RR, SCORPIO, and HyperFlexis-
Scaling. By default we use two instances, with up to four for scaling.
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Figure 5.6: Performance comparison under PD disaggregated mode. Results for
4-task workloads using Qwen7B and Qwen32B.

HyperFlexis to improve attainment by up to 1.23× over RR and 2.14× over SCORPIO.
With scaling enabled, HyperFlexis-Scaling further raises these gains to 1.5× and 2.93×,
respectively. On the more heterogeneous 4-task benchmark, contention and queuing ef-
fects intensify, amplifying the benefits of SLO-aware scheduling. HyperFlexis achieves up to
2.60× improvement over RR and 1.73× over SCORPIO, and HyperFlexis-Scaling further
increases these improvements to 4.44× and 2.59×.

The middle row reports end-to-end latency. While all methods show similar latency
at low QPS, our advantages become clear as load increases, maintaining responsiveness
under heavy traffic. On the 4-task benchmark, HyperFlexis-Scaling achieves up to 50.96%
and 65.82% latency reduction over RR and SCORPIO, confirming that our SLO-aware
policies effectively mitigate queuing and contention.

The bottom row compares cost efficiency. When compared to RR, our methods Hy-
perFlexis and HyperFlexis-Scaling achieve similar cost, with occasional reductions of up to
4.99%. In contrast, relative to SCORPIO, our methods deliver substantial cost savings,
indicating that the improved user satisfaction of our methods does not come at the ex-
pense of higher costs. Notably, for Llama70B, we observe up to 49.81% cost reduction over
SCORPIO.

5.4.2 Performance under PD Disaggregated Mode

Figure 5.6 shows the comparison under the PD Disaggregated Mode for a 4-task work-
load. For HyperFlexis-PD-Scaling, we initially allocate 4 instances (2 Prefill and 2 Decode
instances) and allow scaling up to 8 instances on demand. Note that the experiment for
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Qwen7B Qwen32B LLaMA70B
Fast Scaling 0.89 ± 0.01 2.05 ± 0.02 1.16 ± 0.05
CPU Offloading 2.73 ± 0.17 19.41 ± 3.14 11.50 ± 1.86
Disk loading 4.14 ± 0.26 28.84 ± 2.23 22.58 ± 0.82

Table 5.3: Scaling time for different models. Results for Qwen7B, Qwen32B, and
LLaMA70B using different methods, measured in seconds.

Qwen32B (TP=2) runs across nodes, highlighting the system’s scalability and flexibility.
The RR-PD baseline means that request dispatching in both the Prefill and Decode stages
follows a round-robin policy. As shown in Figure 5.6, both HyperFlexis-PD and HyperFlexis-
PD-Scaling achieve higher attainment (up to 2.54×) and lower request latency (up to 31.82%
reduction) compared to RR-PD. With auto-scaling enabled, the cost of HyperFlexis-PD-
Scaling is only slightly higher than RR-PD for Qwen7B and roughly equivalent to RR-PD
for Qwen32B.

5.4.3 Fast Scaling Evaluation

We evaluated three scaling strategies for HyperFlexis LLM serving: (1) loading weights from
disk when scaling, (2) offloading weights to CPU when scaling out and reloading from CPU
when scaling in, and (3) loading weights from an already running instance, which we term
Fast Scaling. As shown in Table 5.3, Fast Scaling significantly reduces scaling time, achieving
up to a 9.88× speedup over CPU offloading and 19.39× speedup over disk-based loading.
This demonstrates that reusing weights resident in peer device memory can dramatically
accelerate dynamic scaling without incurring the overhead of disk or CPU transfers.

5.4.4 Single-Task Performance Evaluation

HyperFlexis is designed for multi-task, multi-SLO workloads, we want to verify that it is still
working on single-task deployments that remain common in production. We evaluate on the
WikiSQL dataset using Qwen7B and Qwen32B, and compare HyperFlexis against two state-
of-the-art single-task, single-SLO baselines, Aladdin and SA, under varying QPS levels.
For this experiment, the TTFT and TPOT SLOs are set to 0.7 s and 0.5 s, respectively.

As shown in Figure 5.7, all systems maintain near-perfect SLO attainment under light
load. As QPS increases, however, SA’s attainment drops sharply once the system approaches
saturation, while HyperFlexis sustains higher attainment, particularly at the knee point for
Qwen7B (40 QPS).

Figure 5.7 also reports end-to-end latency. Under higher loads, however, HyperFlexis
delivers more stable performance, avoiding the sharp latency spikes observed with SA and
Aladdin (e.g., at 12 QPS on Qwen32B). These results confirm that HyperFlexis’s schedul-
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Figure 5.7: Single-task performance comparison. Results for Qwen7B and Qwen32B
on the WikiSQL dataset compared with Aladdin [118] and SA [79]. The TTFT and TPOT
SLOs are set to 0.7 s and 0.5 s, respectively.

ing and instance-aware queuing mechanisms improve responsiveness and reduce congestion
even in single-task settings.

Overall, these results show that although HyperFlexis is designed to handle heteroge-
neous multi-SLO workloads, it remains competitive with, and in some cases outperforms,
state-of-the-art methods Aladdin and SA in single-task settings.

5.4.5 Monitor and Scaling Interval

To understand the sensitivity of HyperFlexis’s performance to key system parameters, we
conduct an ablation study varying both the monitoring interval and the scaling interval as
shown in Figure 5.8.

Effect of Monitor Interval. We vary the monitor interval across 50 ms, 1 s, and 5 s.
As shown in the top row of Figure 5.8, performance is largely robust to the choice of
interval. However, slight trends are observable: (1) SLO attainment is slightly reduced with
a 5 s monitor interval compared to 50 ms and 1 s, reflecting delayed feedback that slows
adaptation to system status changes; (2) end-to-end latency is marginally higher with the
50 ms interval due to the slight overhead of frequent monitoring, especially under heavy
load, though the impact remains minimal. Overall, HyperFlexis is robust across a wide
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Figure 5.8: Impact of monitor and scaling intervals. Results for Qwen32B on the 4-
task benchmark are shown with two instances (top) and up to four instances (bottom).
Overall, HyperFlexis’s performance is largely insensitive to changes in the scaling and mon-
itor intervals.

range of monitor intervals, and choosing a moderate interval (e.g., 1 s) provides a good
balance between responsiveness and overhead.

Effect of Scaling Interval. We vary the scaling interval across 0.5 s, 1 s, and 2 s to
evaluate how the frequency of scaling decisions affects performance (Figure 5.8). SLO attain-
ment shows minimal differences across intervals for most QPS values. At high QPS, shorter
intervals exhibit slightly lower attainment, as the overhead of frequent scaling outweighs
the benefits, particularly under heavy load when time is critical.

These results suggest that HyperFlexis’s performance is largely insensitive to the scaling
interval within the tested range. While very short or intermediate intervals may introduce
minor variability in attainment or latency, overall system robustness is preserved.

5.5 Conclusion

This chapter presented HyperFlexis, which designs both scheduling algorithms and system
mechanisms for multi-SLO LLM serving and fast scaling on Ascend NPUs.

On the algorithmic side, we developed an SLO-aware dispatching policy that admits and
places requests according to TTFT/TPOT targets and instance states, and couples it with
elasticity-aware decisions that trigger scaling when an emerging SLO risk is detected. These
decisions are made in real time through an event-driven, maturity-time-based mechanism,
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enabling HyperFlexis to react promptly to workload changes rather than relying solely on
coarse, periodic control.

On the system side, we introduced a Fast Scaling mechanism that reuses weights from
running instances over device-to-device links, achieving rapid scale-out with minimal cold-
start overhead compared to CPU- or disk-based loading. Meanwhile, HyperFlexis is com-
patible with existing deployment modes, supporting both colocated and prefill/decode-
disaggregated execution modes.

Experiments on Qwen and LLaMA models, under diverse multi-task and single-task
workloads, show that HyperFlexis improves SLO attainment, reduces end-to-end latency,
and matches or lowers resource cost relative to round-robin, SCORPIO, Aladdin, and
simulated-annealing-based schedulers.

A natural and optional extension is to relax the assumption that applications provide
explicit TTFT and TPOT targets. In many real deployments, operators only specify coarse
priority labels (e.g., “high” vs. “low” importance), while concrete latency budgets are either
unknown or difficult to set. A straightforward extension is to translate these priority labels
into actionable SLO targets so that HyperFlexis remains applicable. Such a priority-to-
SLO layer could monitor recent performance histories—capturing both system cost and
user satisfaction—and recommend suitable TTFT/TPOT targets. It could tighten SLOs
for low-priority traffic when the system is underutilized, and gradually relax them as high-
priority load increases. This would reduce configuration effort for operators and broaden
the applicability of HyperFlexis to environments where only priority information, rather
than explicit latency contracts, is available.

Overall, this chapter illustrates how OR ideas—SLO-aware scheduling, capacity plan-
ning, and cost–performance trade-off modeling—can enhance modern ML systems at serv-
ing time. It complements earlier chapters that use ML to assist optimization modeling and
solving, representing the opposite direction of interaction between ML and OR. In the next
chapter, we synthesize insights across all contributions of this thesis and discuss broader
opportunities for deepening the synergies between OR and ML.
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Chapter 6

Conclusion and Future Directions

Operations Research (OR) and Machine Learning (ML) are two powerful tools widely em-
ployed for solving real-world problems. While OR provides rigorous mathematical formu-
lations, optimization principles, and decision-theoretic frameworks, ML offers adaptivity,
scalability, and the capacity to learn complex patterns from large datasets. This thesis ex-
plores several synergies between OR and ML, enhancing methods and tools for tackling a
variety of practical challenges. The key takeaway from this work is that ML can signifi-
cantly enhance various steps in the OR process, while OR can guide the application and
optimization of ML techniques, creating solutions that are more efficient, automated, fair,
and scalable.

In this chapter, we summarize the key contributions of this thesis, which span repre-
sentative cases of synergies between OR and ML, including: (1) ML enhancing solution
methods, (2) ML enhancing mathematical program formulation, and (3) OR enhancing ML
model serving. We then outline several directions for future research. These include extend-
ing the above forms of synergy, exploring new interactions across other stages of the OR
process and the ML lifecycle, and investigating integrated OR–ML approaches in which
learning and optimization are jointly designed as a unified decision-making framework.

6.1 Summary of the Thesis

This thesis investigates three cases where OR and ML mutually enhance each other.

• Smart Initial Basis Selection. We introduced a learning-based approach to accel-
erate the solution process of linear programming by predicting efficient initial bases
using graph neural networks. Classical solvers often rely on heuristic or default strate-
gies for basis initialization, which can result in suboptimal performance. By learning
from the graph structure of correlated linear programs, the proposed model achieved
high prediction accuracy (around 81%) and led to significant speedups across differ-
ent problem instances. The method demonstrates how machine learning can directly
enhance the key algorithmic component in the LP solving method.
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• Evaluation Metric for NL2LP task. LLMs have emerged as powerful tools for
assisting or even automating mathematical programming. However, existing evalua-
tion metrics fail to capture expert judgment and the structural correctness of gen-
erated models—that is, whether the formulation faithfully respects the ground-truth
relationships among objectives, variables, and constraints. To address this gap, we
proposed a graph-based edit distance metric tailored to linear programming formu-
lations. The metric evaluates both semantic and structural fidelity while remaining
permutation-invariant to the ordering of constraints and variables, thus aligning more
closely with human expert evaluations. It enhances the reliability and interpretability
of benchmarking in NL2LP tasks.

• System and Scheduling Algorithm Designs for LLM Serving: This chap-
ter develops both the serving system components and the scheduling algorithms for
LLM requests with heterogeneous service-level objectives (SLOs). The system sup-
ports heterogeneous SLOs and fast scale-out with minimal cold-start time through
modular execution components and runtime interfaces that allow the scheduler to
control batching, dispatching, and resource sharing in real time. On top of this system,
we developed heuristic and greedy scheduling strategies to balance latency and system
cost across workloads. Experiments showed substantial gains in efficiency and service
quality compared with standard baselines. This work exemplifies an optimization-
oriented design philosophy inspired by operations research, treating large-scale LLM
serving as a dynamic decision-making problem for scalable and efficient deployment.

Collectively, these chapters demonstrate how OR and ML can be mutually beneficial,
unlocking new capabilities for automated, efficient, and scalable real-world problem-solving.

6.2 Impact of the Emergence of LLMs

The rapid rise of LLMs has reshaped the landscape of many existing research directions.
This section discusses how these developments influence the conclusions of this thesis and
whether the core insights remain valid. Overall, the main conclusion of this thesis remains
unchanged. Since LLMs are a subfield within machine learning, the central argument—that
ML can enhance OR processes, and OR can in turn improve the ML lifecycle—continues
to hold. In fact, the emergence of LLMs reinforces and extends this synergy, creating new
opportunities for integration between OR and ML across all stages of model design, train-
ing, and deployment. In the following, we discuss the impact of LLMs’ emergence on the
conclusions of each chapter.

LLMs and Smart Initial Basis Selection In Chapter 3, we introduced a GNN-based
strategy for predicting the initial basis in linear programming. Despite the rise of LLMs,
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our GNN strategy remains highly effective. LLMs excel at processing text and code but are
not inherently suited for numerical optimization or reasoning over graph-structured data.
Therefore, the graph representation and GNN-based approach—which naturally captures
the structure of LP problems—continue to play a critical role in solver acceleration and
combinatorial optimization [55, 129].

Nevertheless, LLMs open new possibilities for hybrid approaches. Specifically, LLMs can
provide semantic understanding or meta-level guidance to complement GNN reasoning. For
example, in a supply chain planning problem, an LLM could interpret that a recent surge in
apple demand implies production should reach resource limits for apple-related constraints.
Incorporating such contextual knowledge into the graph representation could help the GNN
predict a closer-to-optimal initial basis, especially in low-data or few-shot training settings,
leading to faster convergence and improved solution quality [81].

LLMs and Human-Aligned LP Evaluation The work in Chapter 4 was conducted
after the emergence of large language models (LLMs), which have demonstrated strong
capabilities in reasoning and generating mathematical programs from natural language [107,
153]. Motivated by the lack of human-aligned evaluation metrics for this generation task,
we proposed a new metric that better reflects user intent and logical correctness [122]. This
metric has the potential to guide future natural language–to–math programming models to
produce formulations that more faithfully capture user intent, and it could also serve as a
reward signal in reinforcement learning processes.

Moreover, the metric itself can be further enhanced by leveraging LLMs as evaluators,
since they are well known for their semantic understanding capabilities [98]. As an ex-
tension of our proposed metric, when comparing generated programs with ground truth,
constraints and variables can be annotated with natural language explanations, and an LLM
(or a simpler ML model) can act as a scorer to assess semantic similarity between the two
explanations.

An open challenge remains in defining semantic equivalence [47]. A single problem may
have multiple valid formulations—for example, one student may solve a cutting-stock prob-
lem using mixed-integer programming, column generation, or constraint programming for-
mulations. All are correct yet differ structurally. In such cases, our metric may fail to rec-
ognize semantic equivalence. Future work could explore LLM-based evaluators and address
this issue by reasoning about alternative yet valid formulations.

Overall, LLMs remain promising for enhancing or even automating mathematical pro-
gramming tasks, and a reliable evaluation metric remains essential for assessing LLM perfor-
mance on these specific tasks. Moreover, LLMs also open new opportunities for developing
better evaluation metrics [107, 98].
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LLMs and Serving System The work of Chapter 5 was conducted in the era of LLMs;
therefore, rather than asking what impact LLMs might bring, our focus is on how OR tech-
niques remain—and will continue to be—essential for improving LLM serving efficiency.
With the rapid growth of LLM applications, challenges such as high inference latency, GPU
scheduling, and energy-efficient resource allocation have become increasingly critical. OR,
with its mature foundations in scheduling and multi-objective optimization, provides sys-
tematic and provably efficient approaches to address these issues [27]. Recent advances
further show that combining reinforcement learning and optimization can enable adaptive
GPU resource allocation for distributed LLM inference [48]. Complementarily, large-scale
scheduling studies in GPU datacenters [164] emphasize the ongoing importance of algorith-
mic design for efficient serving. Looking forward, the intersection of OR and LLM serving
opens promising research directions, where classical optimization principles (e.g., mixed-
integer programming, queueing models) can guide scalable, adaptive, and multi-SLO serving
systems for next-generation LLM infrastructures.

6.3 Future Directions

There remains substantial potential for advancing the synergy between OR and ML. Build-
ing on the themes explored in this thesis, future research directions can be naturally orga-
nized into three categories: (i) ML for OR; (ii) OR for ML; and (iii) integrated OR–ML ap-
proaches, where optimization and learning are tightly coupled into unified decision-making
pipelines.

6.3.1 ML for OR

Neural Combinatorial Optimization Neural combinatorial optimization refers to us-
ing neural networks to help solve combinatorial optimization problems, such as routing,
scheduling, and resource allocation. Traditional methods like branch-and-bound or dynamic
programming often become expensive as the problem size grows. Neural approaches aim to
learn heuristic or approximate strategies that can produce good solutions quickly, often by
training on many example problems. This direction falls under the type of synergy where
ML enhances traditional solution methods.

GNNs have been widely explored for this task. The message-passing mechanism of GNNs
naturally captures local dependencies among decision variables. However, this raises a re-
search question: Are local interactions sufficient for solving complex combinatorial opti-
mization problems? As a potential future direction, architectures incorporating global at-
tention—such as graph transformers—offer the ability to model long-range dependencies
and global constraints, which are common in complex optimization problems like facility
location and production scheduling.
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Beyond architectural advances, the emergence of LLMs provides a broader insight: sim-
ple architectures, when over-parameterized and trained on massive, diverse datasets, can
exhibit emergent reasoning capabilities. Translating this insight to the context of GNNs sug-
gests a promising direction—scaling up lightweight or shallow GNNs on large, heterogeneous
optimization instances to develop general-purpose “foundation models” for combinatorial
optimization.

Meanwhile, scalability and efficiency remain critical challenges in large-scale real-world
applications. Techniques such as graph sampling, subgraph clustering, and hierarchical
training can effectively reduce computational overhead while maintaining predictive quality.
Integrating these efficiency strategies with large-scale training may enable neural combina-
torial optimization to become both powerful and practical for industrial-scale problems.

LLM-Assisted Programming Recent literature has explored the potential of LLMs and
LLM-based agents in automating mathematical programming, particularly in translating
natural language problem descriptions into formal optimization models. These systems often
incorporate auxiliary information from solver outputs—such as tentative solutions or error
messages—as well as human feedback, to iteratively refine the generated formulations. For
example, OR-LLM-Agent [85] runs GPT-generated code in a sandboxed environment: if
Python errors or infeasibility are detected, the system prompts the LLM to self-repair the
code and re-execute it. If the solver still fails to find a feasible solution, a “self-verification”
step asks the LLM to re-examine the mathematical model and regenerate the formulation.

However, current approaches primarily focus on semantic-level edits—modifying the
code or formulation structure based on the problem description and solver diagnostics.
Beyond this design-oriented refinement, richer forms of feedback could be considered. For
example, higher-level semantic signals such as user preferences or domain-specific knowledge
remain underexplored. Moreover, incorporating numerical feedback presents a particularly
promising extension, for instance, by integrating feasibility relaxation into the LLM-based
modeling loop. Feasibility relaxation is a well-established concept in traditional operations
research, where solvers address infeasible problems by identifying a minimally relaxed ver-
sion—allowing selected constraints to be violated at minimal cost—to restore feasibility.
This mechanism is especially important in practical applications involving soft constraints,
where certain requirements can be flexibly adjusted rather than strictly enforced. It also
contributes to interpretability and user trust, as it provides transparent explanations of
infeasibility and quantifies the degree of violation required to regain feasibility.

Combining these aspects, future LLM-assisted modeling systems could better handle
feasibility issues in automatically generated models by balancing constraint relaxation, do-
main knowledge, and user preferences. Such capabilities would bring us closer to end-to-end
assistants capable of formulating solvable and realistic optimization problems in complex,
user-defined contexts.
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New OR–ML Synergies Beyond Canonical Pipelines The OR process and the ML
lifecycle introduced in Chapter 2 are conceptually simplified abstractions. In practice, real-
world workflows are increasingly iterative, adaptive, and non-sequential.

This observation naturally raises the question of whether ML can be used to enhance
additional substeps of the OR process beyond those traditionally considered. In our sur-
vey [54], we conclude that ML techniques can also be applied to other stages, such as model
parameter generation, solution explanation, and the interactions between OR steps.

More broadly, these developments motivate the exploration of improved and more flex-
ible pipelines. For example, with the integration of LLMs, the OR process may become
increasingly dynamic: users can iteratively modify constraints, adapt formulations to new
scenarios, or debug infeasibilities through natural language interaction. Such interactions
enable on-demand transitions among the stages of modeling, solving, and evaluation, open-
ing the door to new forms of synergy between OR and ML that go beyond canonical, linear
pipelines.

6.3.2 OR for ML

OR Enhancing ML Model Deployment There has been work [94, 182, 123, 171] from
systems and OR perspectives to improve ML model deployment, focusing on aspects such as
model serving efficiency and model selection under accuracy–efficiency trade-offs. However,
deployment goes beyond serving optimization—it also encompasses failure recovery, rollback
mechanisms, model versioning, and A/B testing to ensure reliability and adaptability in
dynamic environments. A promising yet underexplored research direction is applying OR
methods to monitoring and maintenance in the deployment stage. For example,

1. Data drift detection as optimization: Formulate continuous monitoring as a resource
allocation or change-detection optimization problem, deciding when and where to
sample data for drift tests under limited monitoring budgets.

2. Model versioning and A/B test optimization: Use multi-armed bandit or online opti-
mization techniques to dynamically route traffic among multiple model versions, bal-
ancing exploration (testing new models) and exploitation (serving stable production
models). It is worth exploring adaptive OR heuristics to determine optimal user-group
assignments for statistically reliable inference with minimal experimental overhead and
potential degradation of user experience.

3. Robust rollback and failure recovery: Design OR-based decision frameworks for optimal
rollback timing under uncertainty, minimizing downtime and service disruption.

These directions illustrate how OR, beyond improving efficiency, can provide optimization-
based principles to enhance the reliability, adaptability, and continual improvement of de-
ployed ML systems.
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New OR–ML Synergies Beyond Canonical Pipelines The ML lifecycle introduced
in Chapter 2 are conceptually simplified, whereas a real-world lifecycle may involve a broader
range of stages. Examples include:

1. Model selection: identifying a model that best balances accuracy and efficiency trade-
offs across a large design space [66];

2. Model unlearning: removing the influence of specific data points to comply with pri-
vacy regulations [68, 18];

3. Interpretability refinement: improving transparency and alignment with human rea-
soning [46];

4. Contribution valuation: quantifying each participant’s data value in multi-party set-
tings (e.g., federated learning) for fairness and incentivization [52].

6.3.3 Integrated OR–ML

Beyond the complementary paradigms of ML for OR and OR for ML, an intriguing direction
is the development of integrated OR–ML methodologies, where learning and optimization
are jointly designed as a single, end-to-end pipeline. This end-to-end perspective closely
reflects real-world decision-making processes. There already exist several interesting works
along this direction.

Predict then optimize It is the simplest form of integrating ML and OR: it concatenates
a learning module with an optimization module. In this setting, the two components remain
conceptually separated: an ML model first predicts uncertain or unknown parameters in an
optimization problem, and these predictions are then treated as fixed inputs to an OR solver
to compute the final decision. This paradigm is widely used in practice. For instance, in
supply chain and logistics, demand forecasts learned from historical sales and contextual
signals are fed into inventory, replenishment, or distribution optimization models to balance
service levels and cost [13]. In transportation and mobility systems, ML models can estimate
traffic conditions or travel times from spatiotemporal data, after which routing and dispatch
decisions are computed via classical optimization, e.g., for dynamic vehicle routing [11].
Overall, predict-then-optimize provides a simple and practical baseline for more tightly
integrated OR–ML methodologies.

A natural extension of this paradigm aims to make learning and optimization more
tightly integrated. The idea is to recognize that prediction errors in the estimated parameters
are inevitable. Crucially, not all prediction errors are equally important, for example, some
parameters may be difficult to predict accurately, yet their errors may have little impact on
the final decision. From a decision-making perspective, the ultimate objective is therefore
not to minimize prediction error, but to minimize the decision error induced by these
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predictions. To achieve this, the optimization problem is placed inside the learning loop,
allowing gradients of a decision-aware loss to propagate through the optimization solver
back to the prediction model. This can be achieved via implicit differentiation or sensitivity
analysis of the optimization problem. For instance, OptNet can embed a quadratic program
as a neural network layer and backpropagates gradients through the corresponding KKT
conditions [6]. In parallel, the Smart Predict–then–Optimize (SPO) framework proposes loss
functions that directly measure decision error and derives tractable surrogate losses that
can be optimized using standard learning pipelines [50].

Learning constraints from data In many applications, the main bottleneck is not
only unknown parameters but also unknown or partially specified constraints. A represen-
tative approach is OptiCL [111] (Mixed-Integer Optimization with Constraint Learning),
which learns unknown constraints and/or objectives from data as predictive models (e.g.,
linear models, trees, or ReLU networks) and then embeds these learned models into a
mixed-integer formulation. Meanwhile, Fajemisin et. al. [51] frames constraint learning as
a feasibility modeling problem: unknown constraints are learned by training a feasibility
classifier or a surrogate constraint function from feasible and infeasible examples, and then
iteratively refined through a solve–verify–update loop in a data-driven constraint modeling
framework. On the tooling side, OMLT offers an open-source interface for incorporating
trained surrogate models into large-scale optimization problems using algebraic modeling
languages such as Pyomo [25].

Differentiable Optimization Layers A recent and influential line of research [3, 6]
embeds parameterized optimization problems directly as layers within neural network ar-
chitectures, thereby enabling the network to perform constrained decision-making rather
than only unconstrained function approximation. As a toy example, if we train a neu-
ral network to solve mini-Sudoku puzzles (4×4) using only input–output pairs, it cannot
guarantee that the solutions obey the Sudoku rules. By contrast, with differentiable opti-
mization layers, these rules can be explicitly encoded into the output of a network layer. In
this paradigm, the output of the layer is defined implicitly as the optimal solution to an opti-
mization problem, with parameters that may depend on upstream network representations;
gradients are computed via sensitivity analysis or implicit differentiation of the optimality
conditions, allowing the entire architecture to be trained end-to-end using gradient descent.
Embedding optimization layers is especially valuable in applications where feasibility, con-
straints, or structured outputs are intrinsic to the task—for example, in control and robotics,
where actions must respect physical and safety constraints; in resource allocation and signal
processing, where optimal trade-offs matter; and in structured prediction problems, where
outputs must satisfy combinatorial or convex feasibility conditions.
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